On Bounds for the Wavelength Assignment Problem on Optical Ring Networks.

Guangzhi Li and Rahul Simha Department of Computer Science College of William and Mary Williamsburg, VA 23187 {gli,simha}@cs.wm.edu

Abstract: This research note presents two new bounds for the off-line wavelength assignment problem in optical ring networks that use wavelength division multiplexing. In this context, we consider a wellknown bound [28, 35] that, to our knowledge, remains the only published bound for a ring topology and for which examples exist that show tightness. In this note, we show the bound can be improved in two ways: (1) by considering an additional parameter (the number of network nodes), we provide a sharper bound than the existing bound, and (2) we extend a classic result in [35] that was proved for the special case of k = 3 (no k connections cover the ring) to the general case of arbitrary k. Keywords: optical networks, wavelength division multiplexing, wavelength assignment problems.

1 Introduction

The wavelength assignment problem is usually framed as follows: given a set of connections, find the minimum number of wavelengths needed to transmit the connections simultaneously so that no two connections that share a link also share a wavelength. The requirement that connections on a link use unique wavelengths arises from wavelength division multiplexing, the technology used to multiplex several connections simultaneously on an optical link. Because current technology limits the number of available wavelengths and because the ring topology is a serious candidate for large scale commercial production, the assignment problem on rings has received substantial attention [3, 8, 10, 12, 27, 28, 31, 34]. (In graph theory, the equivalent problem of arc-coloring has also been the focus of many papers [16, 35, 32].) In the off-line version of the assignment problem, the entire set of connections is given in advance whereas in the on-line version the assignment must be done as the connections are revealed in sequence [10]. We only consider the off-line version in this paper.

Since it is NP-complete to compute the minimum number of wavelengths required to assign a given connection set [9], bounds on the number of required wavelengths are often the next source of detailed analysis. To our knowledge, the only known bound for single-fiber ring networks (Bounds for multifiber rings can be found in [19]) is the well-known bound of 2L − 1 [28, 35], where L is the “connection load” (the maximum number of connections carried by any link). Examples can be constructed [10] to show that the bound is optimal (tight). However, these examples often use complex connection sets in which many connections are unrealistically long. Intuition suggests that sharper bounds may be obtained if the number of nodes in the ring is considered and if connection sets involve shorter connections. A similar observation was made in [8]. In this paper, we provide theoretical support for this intuition and show that sharper bounds are indeed possible:

• We improve the well-known 2L−1 bound to (2−1/⌊(n+1)/2⌋)L, where n is the number of nodes.

• We show that for the well-known circular arc coloring problem, when no k or fewer arcs cover a ring, at most ⌈kL/(k − 1)⌉ colors are required where L is a lower bound on the required number of colors. This result generalizes the bound in [35] and is significant for two reasons. First, two important limiting cases closely match known results: k = 2 (shortest-path routing, for which the best known bound is 2L [28]) and k → ∞ (interval graph coloring, which can be colored with optimal L colors [32]). Second, the result can be used to derive bounds for constrained versions of the problem with path-length restrictions [12].

2 Related Work

The reader is referred to [24, 25, 30] for a broad survey of optical networks and to [3, 12, 15, 24, 29] for an overview of wavelength assignment problems. Since we are only concerned with the specific problem of providing sharper bounds for ring networks, no further survey of the assignment problem is given other than directly related papers.

For ring networks, NP-completeness is shown in [9] and a 2-approximation algorithm is given in [28] based on interval-graph coloring [32]. When path-lengths are restricted to length two, the problem is solvable (achieving L) with an even number of nodes and tight bounds exist for an odd number (2k + 1) of nodes: L + ⌊V_{min}/k⌋ ≤ ω_{opt} ≤ L + ⌈V_{min}/k⌉ [20], where V_{min} is the minimum number of connections passing through any node and ω_{opt} is the optimal number of wavelengths required. Scheduling problems on the ring are considered in [27, 34].

For the circular arc-coloring problem Tucker [35] shows that if no mutually overlapping three arcs cover the circle, at most 3L/2 colors are needed. Extending the technique in [35], we show that if no k arcs cover the circle, at most ⌈kL/(k − 1)⌉ colors are needed. From this result, one infers that if path-lengths are bounded by m, at most ⌈⌈n/(m − 1)⌉L/(⌈n/(m − 1)⌉ − 1)⌉ wavelengths are required, where n is the number of nodes in the ring network. Finally, bounds for multifiber rings are given in [19].

3 Problem Formulation

The following notation and definitions will be used in the paper:

• G(V, E): a connected network graph for both directed and undirected versions. Let n = |V |.

• Routing. We do not consider the additional problem of routing in this paper. We assume unidirectional clockwise routing.

• I = {(s_1, d_1), ..., (s_k, d_k) : s_i, d_i ∈ V }: a collection of source-destination connection requests. Note that several connections in I may have the same source-destination pair.

• L_e(I): the number of connections in a connection set I that use edge e. Let L(I) = max_e L_e(I), the largest number of connections using any link for a given connection set I. We will drop I where the connection set implied is obvious.

The wavelength assignment problem we consider is: given G and I, find the minimum number of wavelengths needed to schedule all the connections in I so that no two connections that share an edge use the same wavelength.

4 A Sharper Bound

In this section, we show that (2 − 1/⌊(n + 1)/2⌋)L wavelengths are sufficient for ring networks. This represents an improvement over the current, well-known bound of 2L − 1. (The improvement, however, is modest for large n and clearly decreases with increasing n). A request set is called a uniform request set if the number paths on each edge is the same. For any request set with load L, we can construct an equivalent uniform request set with load L by adding one-hop requests. A similar construction is described in [31].

LEMMA 1 Given a uniform request set I = {p_0, p_1, ..., pj_Ij�_1} on a ring network G, the number of requests that terminate at each node is even.

Proof: Consider an arbitrary node u in the ring G, and let e_l(u), e_r(u) be the two edges adjacent to u: suppose e_l is the left edge and e_r the right edge. Note that since I is uniform, each edge has exactly L paths passing it. Thus, L_{el} + L_{er} = 2 · L. Now, let n_1 denote the number of paths that terminate at u, and let n_2 denote the number of paths that have u as an intermediate node. Therefore, n_1 + 2n_2 = L_{el} + L_{er} = 2 · L. So n_1 must be even.

Next, for the proof we will construct a directed path-edge multigraph M(V, E) from G and I where V (M) = V (G) and in which all paths have clockwise direction. Here, each e = (u, v) ∈ M(E) if and only if (u, v) ∈ I. Note that M is a directed multigraph where each of its nodes has an even number of incident edges because the number of paths of I that terminate at any node in G is even. Moreover, in each node, the number of incoming edges is equal to the number of outgoing edges. Then M can be partitioned into several circuits by Euler’s theorem [11]. See Figure 1.

LEMMA 2 Given a uniform request set I = {p_0, p_1, ..., pj_Ij�_1} on a ring network G, I can be partitioned into subsets I_1, ..., I_J , such that each subset is a uniform request set.

If a uniform request set cannot be partitioned into more than one uniform request subset, then we call it a nondecomposable uniform request set.

LEMMA 3 Given a uniform request set I = {p_0, p_1, ..., pj_Ij�_1} on a ring network G, I can be partitioned into subsets I_1, ..., I_J , such that each subset is a nondecomposable uniform request set.

Figure 1: Multigraph M(V, E) construction example.

Proof: Partition the path-edge multigraph M into several circuits such that each circuit only has degree 2. From each circuit, construct a nondecomposable uniform request set.

LEMMA 4 In each nondecomposable uniform request set, there are at most n paths.

Proof: Because each circuit only has degree 2, each circuit at most has n edges. So, each single uniform request set at most has n paths.

Consider Figure 1. In this five-node-ring network, we have a 10-connection uniform request set I = {(1, 4), (4, 2), (2, 5), (5, 3), (3, 1), (1, 5), (5, 4), (4, 3), (3, 2), (2, 1)}. From the directed multigraph M, it is easy to see that I can be partitioned into two nondecomposable uniform request set I_1, I_2, where I_1 = {(1, 4), (4, 2), (2, 5), (5, 3), (3, 1)} and I_2 = {(1, 5), (5, 4), (4, 3), (3, 2), (2, 1)}. Furthermore, we have L(I_1) = 3 and L(I_2) = 4. For I_1, we need at most 2L(I_1) − 1 = 5 colors, but for I_2, we need at most 5 instead of 2L(I_2) − 1 = 7 colors because there are only 5 connections. This is the basic idea to reduce the upper bound of total number of wavelengths. Mathematically, we observe that at most min(2L − 1, n) wavelengths are needed to assign each nondecomposable uniform request set with load L. This is because there are at most n paths and because the previous bound of 2L − 1 applies to all instances. This is the intuition for our main result.

THEOREM 1 Given a ring network with n nodes, for any request set I with load L, we need at most (2 − 1/⌊(n + 1)/2⌋) · L wavelengths.

Proof: Without loss of generality, we assume that I is a uniform request set. Then I can be partitioned into J nondecomposable uniform request sets, I_1, ..., I_J . For each I_i with L(I_i) ≤ ⌊(n + 1)/2⌋, we need at most 2L(I_i) − 1 wavelengths to assign I_i. On the other hand, for any I_j with L(I_j) ≥ ⌈(n + 1)/2⌉, we need at most n wavelengths to assign it. Suppose now that there are J_1 nondecomposable uniform request sets with load equal or greater than ⌈(n + 1)/2⌉. Let the sum of the loads of these J_1 nondecomposable uniform request sets be L_1. Then at least we have (L − L_1)/⌊(n + 1)/2⌋ nondecomposable uniform request sets with load not greater than ⌊(n + 1)/2⌋. So, totally, we need at most (2(L − L_1) − (L − L_1)/⌊(n + 1)/2)⌋ + (L_1/⌈(n + 1)/2⌉ · n) = (2 − 1/⌊(n + 1)/2⌋)L − (2 − 1/⌊(n + 1)/2⌋ − n/⌈(n + 1)/2⌉) · L_1 ≤ (2 − 1/⌊(n + 1)/2⌋) · L. The last inequality is true because (2−1/⌊(n+1)/2⌋−n/⌈(n+1)/2⌉)L_1 ≥ 0 when n > 0. Actually, let f = 2−1/⌊(n+1)/2⌋−n/⌈(n+1)/2⌉. If n = 2k + 1, f = 2 − 1/(k + 1) − (2k + 1)/(k + 1) = 0; if n = 2k, f = 2 − 1/k − 2k/(k + 1) = (k − 1)/(k(k + 1)) ≥ 0.

From the bound, the following result is apparent.

COROLLARY 1 For any fixed ring network, there is an approximation algorithm with an approximation ratio less than 2.

THEOREM 2 If the routing is restricted to shortest paths, then (2−4/(n+2))·L wavelengths are sufficient.

Proof: If we restrict the routing to shortest paths, then no two paths can cover the whole ring. This means each wavelength can cover at least 2 paths. Each nondecomposable request set therefore needs at most min(2L(I_i) − 1, n/2). Suppose we have J_1 nondecomposable uniform request sets with load greater than (n + 2)/4 and the total load of the J_1 nondecomposable request sets is L_1. Then, there are at least (L − L_1)/((n + 2)/4) nondecomposable request sets with load not greater than (n + 2)/4. So, totally, we need at most 2(L − L_1) − (L − L_1)/((n + 2)/4) + L_1/((n + 2)/4) · n/2 = (2 − 4/(n + 2))L − (2 − 4/(n + 2) − 2n/(n + 2))L_1 = (2 − 4/(n + 2)L wavelengths.

5 A Covering Restriction

In this section, we take up a generalization of shortest paths first considered in [35]. With shortest paths, no two overlapping paths together cover the ring; we consider the case where no k mutually overlapping paths cover the whole ring. Since the case k = 3 was proved in the context of the equivalent arc-coloring problem in graph theory, we state our results in those terms in this section. In this context, a collection of arcs I on a circle are to be colored such that no overlapping arcs are assigned the same color.

The arcs A_1, A_2, ..., A_n are said to cover the circle if they are mutually overlapping and collectively they contain every point on the circle. Let L(I) be the maximum number of arcs passing any point in arc set I. Without loss of generality, we assume that I is a uniform request set with load L(I). Tucker [35] has proved the following result by induction:

LEMMA 5 If no set of three or fewer arcs in the arc set I cover the circle, 3L(I)/2 colors are sufficient.

The proof technique in [35] can be used to generalize the result in two stages. First, we prove the following result.

LEMMA 6 If no set of four or fewer arcs in the arc set I cover the circle, ⌈4L/3⌉ colors are sufficient.

Figure 2: Lemma 6 proof example.

Proof: If L(I) = 1, the result is obviously true. We will use induction on the value of L: assume that the result is valid when L < r for some r > 1; we will show it remains valid for any arc set I with L(I) = r. First, when r = 2 Tucker’s lemma shows that 3r/2 colors are sufficient. But 3r/2 = ⌈4r/3⌉ and hence we only need to consider the case r > 2.

Pick a point p such that S_p, the set of arcs that contain point p, has size r. We start with Tucker’s construction: let A_1 be the arc in S_p that extends the shortest length on the counter-clockwise side of p. Starting with A_1, we consider successive arcs in the clockwise direction and index a subset of the arcs by the rule: if A_i is the arc previously indexed, then A_{i+1} is the first unindexed arc to begin from the clockwise end of A_i. Note that A_{i+1} always exists because of the uniform request set assumption.

Among the A_i’s, let b_1 be the index of the arc that passes point p a second time (A_1 passes p first in the indexing). If on this second pass, p is in the space between the previously indexed arc and the next arc to be indexed, let b_1 be the index of the next arc indexed. Now, let b_2 be the index of the arc being indexed when we first pass the counterclockwise end of A_{b1} ; as above, if A_{b1} ends in a space, then A_{b2} is the next arc. Let A_{b3} be the arc being indexed when we first repass the counterclockwise end of A_{b2} ; as before, if A_{b2} ends in a space, then A_{b3} is the next arc. Finally, if A_{b3} has not passed around p, let A_{b4} be the next arc in the sequence after A_{b3} to pass p, in this case; if no such arc exists, let A_{b4} be the last arc ending before p; if A_{b3} does pass p, we will let b_4 = b_3 for convenience. See Figure 2 for an example of the labeling.

It is easy to see that L(I_{b1} ) ≤ L(I) − 1, where we let I_{bi} denote I − {A_1, ..., A_{bi} }. Similarly, L(I_{b4} ) ≤ L(I) − 3 because the arcs up to and including b_4 cover the ring three times and removing them reduces L by three. If we can show that A_1, ..., A_{b4} can be 4-colored, then by the induction hypothesis, I_{b4} can be colored with ⌈4L(I_{b4} )/3⌉ colors, thereby completing the proof.

Observe that A_1, ..., A_{b3}�_1 can be 3-colored: A_1, ..., A_{b1}�_1 get color 1, A_{b1} , ..., A_{b2}�_1 get color 2, A_{b2} , ..., A_{b3}�_1 get color 3. Now consider arcs A_{b3} and A_{b4} . There are three cases to consider:

• Case 1: b_4 = b_3. Here, A_{b3} covers p and thus four colors are sufficient, since arcs A_1, A_{b1} , A_{b3} cover p and A_{b2} may or may not cover p.

• Case 2: A_{b3} is the last arc in sequence and does not cover p. In this case, four colors are sufficient.

• Case 3: b_4 ≠ b_3. Here, if A_{b4} did not wrap around and overlap A_{b3} , four colors would be sufficient because A_{b3} and A_{b4} would use the same color. Thus, we only need to worry about possible overlap between A_{b4} ’s clockwise end and A_{b3} ’s counterclockwise end. We show that this is impossible. If it were the case, A_{b4} , A_{b3} , A_{b2} and A_{b1} would cover the circle and violate the assumption. Note that A_{b1} covers point p because any arc that overlaps the counterclockwise end of A_1 must cover p.

The above argument can be generalized to the case when no k or fewer arcs cover the circle.

THEOREM 3 If no k or fewer arcs in the arc set I cover the circle, ⌈kL/(k − 1)⌉ colors are sufficient.

Proof: From the above lemmas, the result is true for k = 3 and k = 4. Suppose, the result is true for any integer k > 3; we will show it holds for integer k + 1.

By assumption, no k + 1 or fewer arcs in the arc set I cover the circle. According to our assumption, when L < k, the circular arcs can be colored by ⌈kL/(k − 1)⌉ = ⌈L + L/(k − 1)⌉ = L + 1 colors, which is ⌈(k + 1)L/k⌉ = L + 1. Thus, we need only consider the case when L ≥ k. We will prove the theorem by induction on L. Assume it is true for any L < r is true, where r ≥ k. We want to prove that it holds for L = r.

We use the idea in the previous lemma. Pick a point p, such that S_p, the set of arcs containing p, has size r. Let A_1 be the arc in S_p that extends the shortest length on the counterclockwise side of p. Starting with A_1, we move clockwise round and round the circle indexing the arcs A_1, A_2, A_3, ... by the rule: if A_i is the arc previously indexed, then A_{i+1} is the first unindexed arc to begin after the end of A_i. If there are multiple such arcs, pick one randomly. As before, let A_{b1} be the first arc to overlap the counterclockwise end of A_1; let A_{bi+1} be the first arc to overlap the counterclockwise end of A_{bi} , i = 1, ..., k − 1. Finally, if A_{bk} does not pass p, let A_{bk+1} be the next arc to do so.

Note that L(I_{bk+1} ) ≤ L(I)−k. By the induction hypothesis, I_{bk+1} can be colored by ⌈(k+1)L(I_{bk} )/k⌉ colors. We need to prove that A_1, ..., A_{bk+1} can be colored with (k + 1) colors. By the argument used earlier, A_1, ..., A_{bk} �_1 can be colored by k colors. It is easy to check that A_{bk} and A_{bk+1} either represent the same arc or cannot overlap; otherwise, A_{b1} , ..., A_{bk+1} will cover the whole circle. In either case, only one color is needed for both. Thus, A_1, ..., A_{bk+1} can be colored by k + 1 colors. Hence I can be colored by k + 1 + ⌈(k + 1)L(I_{bk} )/k⌉ ≤ k + 1 + ⌈(k + 1)(L − k)/k⌉ = ⌈(k + 1)L/k⌉ colors.

Using this theorem, we can estimate an upper bound for some wavelength assignment problems with path-length restrictions.

COROLLARY 2 If all connection paths have path-length at most m in a ring network, ω_{opt} ≤ ⌈⌈n/(m − 1)⌉L/(⌈n/(m − 1)⌉ − 1)⌉. Proof: Note that no ⌈n/(m − 1)⌉ paths cover the whole ring and apply Theorem 3.

6 Summary

We presented two sharper bounds for the wavelength assignment problem on ring networks. The bounds serve as useful baseline comparisons for more practical on-line algorithms, as well as provide new theoretical insight into the assignment problem itself. Future work will focus on other network topologies.

References

[1] A. Acampora. The scalable lightwave network. IEEE Comm. Mag., December 1994, pp36-42.

[2] D. Banerjee and B. Mukherjee. A practical approach for routing and wavelength assignment in large wavelength-routed optical networks. IEEE. J. Sel. Area. Comm., vol. 15, no. 5, Jun 1996, pp903-908.

[3] B. Beauquier, J.C. Bermond, L. Gargano, P. Hell, S. Perennes, U. Vaccaro. Graph problems arising from wavelength routing in all optical networks. Proc. 2nd Workshop in Optics and Computer Science, Geneva, Switzerland, April 1997.

[4] A. Blum. Algorithms for approximate graph coloring. J. ACM, vol. 41, no. 4, July 1994, pp.630-647.

[5] I. Chlamtac, A. Faragó and T. Zhang. Lightpath (wavelength) routing in large WDM networks. IEEE J.

Sel. Areas. Comm., vol. 14, no. 5, June 1996, pp909-913.

[6] H. Choi, H-A. Choi and M. Azizoglu. Efficient scheduling of transmissions in optical broadcast networks.

IEEE/ACM Trans. Networking, vol. 4, no. 6, December 1996, pp913-920.

[7] R. Cole and J. Hopcroft. On edge-coloring bipartite graphs. SIAM J. Computing, vol. 11, no. 3, August 1982, pp540-546.

[8] T. Erlebach and K. Jansen. The complexity of call-scheduling in trees,rings, and meshes. 30th Hawaii Int.

Conf. System Sciences, March 1997.

[9] M. Garey, D. Johnson, G. Miller, and C. Papadimitriou. The complexity of coloring circular arcs and chords. SIAM J. Disc. Math., vol. 1, no. 2, June 1980, pp216-227.

[10] O. Gerstel and S. Kutten. Dynamic wavelength allocation in WDM ring networks. Int. Conf. Comm., Montreal, Canada, 1997.

[11] R. Gould. Graph Theory. Benjamin-Cummings, 1988.

[12] E.J. Harder. Routing and wavelength assignment in all-optical WDM wavelength-routed networks. PhD thesis, George Washington University, May 1998.

[13] I. Holyer. The NP-completeness of edge-coloring. SIAM J. Comput., vol. 10, no. 4, November 1981, pp718- 720.

[14] K. Jansen. Approximation results for wavelength routing in directed trees. WOCS’97.

[15] G. Jeong and E. Ayanoglu. Comparison of wavelength-interchanging and wavelength selective crossconnects in multiwavelength all-optical networks. INFOCOM’96, March 1996, pp.156-163.

[16] V. Klee. What are the intersection graphs of arcs in a circle? Amer. Math. Monthly, vol. 76, 1969, pp810- 813.

[17] V. Kumar and E.J. Schwabe. Improved access to optical bandwidth in trees. Proc. 8th ACM-SIAM Symp.

Discrete Algorithms (SODA), January 1997, pp.437-444.

[18] H. Lenstra. Integer programming with a fixed number of variables. Technical report 81-03, Mathematics Dept., University of Amsterdam, 1981.

[19] G. Li and R. Simha. On the wavelength assignment problem in multifiber WDM star and ring networks.

Submitted for publication.

[20] G. Li and R. Simha. New Results for the Wavelength Assignment Problem in Optical Networks. Accepted by ACM-SE’99.

[21] D. Matula, G. Marble and J. Isaacson, Graph Coloring Algorithms. Graph Theory and Computing, Academic Press, New York, 1972.

[22] M. Mihail, C. Kaklamanis and S. Rao. Efficient access to optical bandwidth. Proc. IEEE Symp. Foundations of Computer Science, 1995, pp.548-557.

[23] B. Mukherjee. WDM-based local lightwave networks part II: multihop systems. IEEE Network Mag., July 1992, pp.20-31.

[24] B.Mukherjee, D. Banerjee, S. Ramamurthy and A. Mukherjee. Some principles for designing a wide-area WDM optical network. IEEE/ACM Trans. Networking, vol. 4, no. 5, October 1996, pp.684-696.

[25] B. Mukherjee. Optical networks: a practical perspective. Mc-Graw-Hill, 1997.

[26] T. Nishizeki and K. Kashiwagi. On the 1.1 edge-coloring of multigraphs. SIAM J. Disc. Math., vol. 3, No.

3, August 1990, pp.391-410.

[27] C. Qiao, X. Zhang and L. Zhao. Scheduling all-to-all connections in WDM rings. SPIE Proceedings, All Optical Communication Systems: Architecture, Control and Network Issues, vol. 2919, November 1996, pp.218-229.

[28] P. Raghavan and E. Upfal. Efficient routing in all-optical networks. Proc 26th ACM Symp. on Theory of Computing, 1994, NewYork, pp.134-143.

[29] R. Ramaswami and K.N. Sivarajan. Routing and wavelength assignment in all-optical networks.

IEEE/ACM Trans. Networking, vol. 3, no. 5, October 1995, pp.489-500. [30] R. Ramaswami and K.N. Sivarajan. Optical communication networks. 1998.

[31] R. Ramaswami and G. Sasaki. Multiwavelength optical networks with limited wavelength conversion. IN- FOCOM 97, 1997, pp489-498.

[32] M. Slusarek. A coloring algorithm for interval graphs. Proc. 14th Symp. Math. Foundations of Comp. Sc., Berlin, 1989, pp.471-480.

[33] S. Subramaniam, M. Azizoglu and A.K. Somani. All optical networks with sparse wavelength conversion.

IEEE/ACM Trans. Networking, vol. 4, no. 4, August 1996, pp. 544-557.

[34] S. Subramaniam, E.J. Harder and H-A. Choi. Traffic scheduling in wavelength-routing networks. EECS Dept., George Washington University, 1998.

[35] A. Tucker. Coloring a family of circular arcs. SIAM J. Appl. Math., vol. 29, no. 3, November 1975, pp.493- 502.