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Screw ConnectionsScrew Connections

ßß Four parameters are needed to describe aFour parameters are needed to describe a
screw connection between two links.screw connection between two links.
ßß Any revolute or prismatic connection is aAny revolute or prismatic connection is a

limiting case of a screw connection.limiting case of a screw connection.
ßß A hinge is a screw with zero pitchA hinge is a screw with zero pitch
ßß A prismatic (sliding) joint is a screw withA prismatic (sliding) joint is a screw with

infinite pitchinfinite pitch
ßß A ball joint can be modeled as 3 intersectingA ball joint can be modeled as 3 intersecting

revolutesrevolutes..
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Symbolic Representation ofSymbolic Representation of
MechanismsMechanisms

ßß A mechanism can be viewed as a sequence ofA mechanism can be viewed as a sequence of
connections.connections.
ßß Each connection consists of a pair and isEach connection consists of a pair and is

characterized by a characterized by a pair variablepair variable..
ßß There are six lower pairs (with area contact)-There are six lower pairs (with area contact)-
ßß RevoluteRevolute RR
ßß PrismaticPrismatic PP
ßß ScrewScrew SSLL (where L is the lead of the screw) (where L is the lead of the screw)
ßß CylindricCylindric CC
ßß SphericSpheric G (For globular)G (For globular)
ßß PlanarPlanar F (For flat)F (For flat)

Symbolic Representation ofSymbolic Representation of
MechanismsMechanisms

ßß As limiting cases of the screw pair we canAs limiting cases of the screw pair we can
considerconsider revolutes  revolutes and prismatic joints asand prismatic joints as
special cases:special cases:

ßß ScrewScrew SSLL (where L is the lead of the screw) (where L is the lead of the screw)
ßß RevoluteRevolute R = SR = S00 (A screw with zero lead) (A screw with zero lead)
ßß PrismaticPrismatic P = SP = S∞∞  (A screw with infinite lead)(A screw with infinite lead)
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Symbolic Representation ofSymbolic Representation of
MechanismsMechanisms

ßß We can write the two halves of a pair asWe can write the two halves of a pair as
ßß RR+  +  and Rand R--

ßß SSLL
++ and S and SLL

--

ßß PP++ and P and P--

and so forth.and so forth.
ßß Lower pairs are invertible so it doesnLower pairs are invertible so it doesn’’tt

really matter which half is the plus orreally matter which half is the plus or
minus half.minus half.

Symbolic Representation ofSymbolic Representation of
MechanismsMechanisms

ßß Relative motion between pair elementsRelative motion between pair elements
describes the relative motion between thedescribes the relative motion between the
links carrying the elements.links carrying the elements.
ßß That relative motion is described by theThat relative motion is described by the

pair variables.pair variables.
ßß These are variables such as These are variables such as qq for rotation for rotation

and s for translation.and s for translation.
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Symbolic Representation ofSymbolic Representation of
MechanismsMechanisms

ßß We can give a symbolic description to a simpleWe can give a symbolic description to a simple
closedclosed kinematic  kinematic chain like a four-barchain like a four-bar

as as R1 R2 R3 R4     oror    R1 R4 R3 R2    and so forth.and so forth.

R1

R2

R4

R3

ßß A compound closedA compound closed kinematic  kinematic chain like the six-chain like the six-
bar below could be described symbolically bybar below could be described symbolically by
giving two independent loops that include all thegiving two independent loops that include all the
pairs. For instance,pairs. For instance,

as as R6 R3 R1 R5     &&    R1 R2 R7 R4 R3 for example.for example.

Symbolic Representation ofSymbolic Representation of
MechanismsMechanisms

R4

R1

R2

R6

R5
R3

R7
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ßß These are both examples of closedThese are both examples of closed kinematic kinematic
chains.chains.

ßß A typical robot would be an example of an openA typical robot would be an example of an open
kinematic kinematic chain.chain.

Symbolic Representation ofSymbolic Representation of
MechanismsMechanisms

R1

R2

R4

R3

R1

R2

R6

R5
R3

R7

Symbolic Representation ofSymbolic Representation of
MechanismsMechanisms

ßß In a simple closedIn a simple closed kinematic  kinematic chain eachchain each
link connects to two and link connects to two and onlyonly two other two other
links.links.
ßß In a compound closed chain some linksIn a compound closed chain some links

hook to more than two others.hook to more than two others.

R1

R2

R4

R3

R1

R2

R6

R5
R3

R7
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Description of a Simple ChainDescription of a Simple Chain

ßß Relative positionsRelative positions
of the successiveof the successive
pair axes on a linkpair axes on a link
can be describedcan be described
by use of theby use of the
uniqueunique common common
perpendicularperpendicular
between the pairbetween the pair
axes.axes.

z1

z2

R1
+

Link 2

R2
-

Description of a Simple ChainDescription of a Simple Chain

ßß Coordinate systemsCoordinate systems
are fixed in eachare fixed in each
joint using a simplejoint using a simple
convention.convention.
ßß The z axes areThe z axes are

chosen to definechosen to define
the orientations ofthe orientations of
the revolute, screw,the revolute, screw,
or prismatic pairsor prismatic pairs

z1

z2

R1
+

Link 2

R2
-
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z1

z2

R1
+

Link 2

R2
-

Description of a Simple ChainDescription of a Simple Chain

ßß The x axis at a joint isThe x axis at a joint is
chosen to lie along thechosen to lie along the
common perpendicularcommon perpendicular
from a point H on thefrom a point H on the
previous z axis to theprevious z axis to the
current one on the link.current one on the link.
ßß  The length of that The length of that

common perpendicularcommon perpendicular
from from zzkk  to to zzkk+1+1 is called is called
aakk..

a1

x2

H1

z1

z2

R1
+

Link 2

R2
-

Description of a Simple ChainDescription of a Simple Chain

ßß A general link has a A general link has a ““DualDual
AngleAngle””  ––(a(a11, , aa11) ) between thebetween the
vectors zvectors z11 and z and z22..
ßß By that I mean that thereBy that I mean that there

could be both an offset acould be both an offset a11
and a twist angle and a twist angle aa11
(measured about the x axis(measured about the x axis
in a plane perpendicular toin a plane perpendicular to
the common normal).the common normal).

ßß (Because of the right-hand(Because of the right-hand
rule the angle rule the angle aa11 shown is shown is
negative.)negative.)

a1

x2

H1-a1
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z1

R1
+

Link 2

R2
-

Description of a Simple ChainDescription of a Simple Chain

ßß Finally, the y axis isFinally, the y axis is
chosen so as to give achosen so as to give a
right-handedright-handed
rectangular coordinaterectangular coordinate
system.system.

a1

z2

x2

y2

H1

Description of a Simple ChainDescription of a Simple Chain

ßß Here is what theHere is what the
situation lookssituation looks
like so far for twolike so far for two
typical links of atypical links of a
spatial chain.spatial chain.
ßß To clarify theTo clarify the

numberingnumbering
conventionsconventions
used, they wereused, they were
chosen as linkschosen as links
#1 and #2.#1 and #2.

z1
z2

Link 2
Link 1

R1
+

R0
+

R2
-

a1

x2

y2

z0

a0

x1

y1

o2 o1

H1

H0

-a1
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Description of a Simple ChainDescription of a Simple Chain

ßß The offset alongThe offset along
the zthe z11 axis axis
between thebetween the
origin oorigin o11 and the and the
point Hpoint H11 is called is called
ss11..

z1
z2

Link 2
Link 1

R1
+

R0
+

R2
-

a1

x2

y2

z0

a0

x1

y1

o2 o1

H1

H0

-a1

s1

Description of a Simple ChainDescription of a Simple Chain

ßß Finally, theFinally, the
rotation anglerotation angle
between  the xbetween  the x11

and and xx22  axes (andaxes (and
measured aboutmeasured about
the zthe z1 1 axis) isaxis) is
called called qq11..

z1
z2

Link 2
Link 1

R1
+

R0
+

R2
-

a1

x2

y2

z0

a0

x1

y1

o2 o1

H1

H0

-a1

s1
q1
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Description of a Simple ChainDescription of a Simple Chain

ßß Thus the Thus the xx11 and and
xx22 axes subtend axes subtend
a second a second ““dualdual
angleangle””  ––(s(s11, , qq11))
between them.between them.

z1
z2

Link 2
Link 1

R1
+

R0
+

R2
-

a1

x2

y2

z0

a0

x1

y1

o2 o1

H1

H0

-a1

s1
q1

z1

x2

o1

H1s1
q1

x1

Description of a Simple ChainDescription of a Simple Chain

ßß In this way, aIn this way, a
rectangularrectangular
cartesiancartesian
coordinatecoordinate
system issystem is
uniquelyuniquely
specified in eachspecified in each
link.link.

z1
z2

Link 2
Link 1

R1
+

R0
+

R2
-

a1

x2

y2

z0

a0

x1

y1

o2 o1

H1

H0

-a1

s1
q1
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Description of a Simple ChainDescription of a Simple Chain

ßß The relativeThe relative
positions ofpositions of
successive links issuccessive links is
expressed in termsexpressed in terms
of the fourof the four
parameters of theparameters of the
two dual anglestwo dual angles
––(s(s11, , qq11), ), ––(a(a11, , aa11).).

ßß These uniquelyThese uniquely
define the relativedefine the relative
positions ofpositions of
successive systemssuccessive systems
of coordinates.;of coordinates.;

z1
z2

Link 2
Link 1

R1
+

R0
+

R2
-

a1

x2

y2

z0

a0

x1

y1

o2 o1

H1

H0

-a1

s1
q1

Description of a Simple ChainDescription of a Simple Chain

ßß For generality,For generality,
we canwe can
assume theassume the
joints are alljoints are all
made up ofmade up of
screw pairs,screw pairs,
(shown(shown
symbolicaly symbolicaly asas
ssL k)L k)..

z1
z2

Link 2
Link 1

R1
+

R0
+

R2
-

a1

x2

y2

z0

a0

x1

y1

o2 o1

H1

H0

-a1

s1
q1
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Description of a Simple ChainDescription of a Simple Chain

ßß In a screw theIn a screw the
parameters parameters qqkk
and sand skk would would
be related bybe related by
the lead of thethe lead of the
screw.screw.

z1
z2

Link 2
Link 1

R1
+

R0
+

R2
-

a1

x2

y2

z0

a0

x1

y1

o2 o1

H1

H0

-a1

s1
q1

† 

Dqk

2p
=

Dsk

Lk

Description of a Simple ChainDescription of a Simple Chain

ßß For a revoluteFor a revolute
pair (pair (LLkk  = 0)= 0)
only theonly the
parameter parameter qqkk
varies.varies.

z1
z2

Link 2
Link 1

R1
+

R0
+

R2
-

a1

x2

y2

z0

a0

x1

y1

o2 o1

H1

H0

-a1

s1
q1
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Description of a Simple ChainDescription of a Simple Chain

ßß For a prismaticFor a prismatic
pair (pair (LLkk  = = ∞∞))
only theonly the
parameter parameter sskk
variesvaries..

z1
z2

Link 2
Link 1

R1
+

R0
+

R2
-

a1

x2

y2

z0

a0

x1

y1

o2 o1

H1

H0

-a1

s1
q1

Description of a Simple ChainDescription of a Simple Chain

ßß Thus we can write a general equation for aThus we can write a general equation for a
simple closed chain of screws in the followingsimple closed chain of screws in the following
symbolic form:symbolic form:

ßß Here, the identity symbol I is used to indicate thatHere, the identity symbol I is used to indicate that
when you work your way around the closed chainwhen you work your way around the closed chain
you get back to the start.you get back to the start.
ßß Later, when this is expressed with matrices, it willLater, when this is expressed with matrices, it will

have the same function mathematically.have the same function mathematically.

† 

SL1

a1

a1

q1

s1

SL2

a2

a2

q2

s2

SL3

a3

a3

q3

s3

. . . .SLk

ak

ak

qk

sk

. . . .SLn

an

an

qn

sn

= I
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A brief digressionA brief digression……

ßß How many degrees-of-freedom does aHow many degrees-of-freedom does a
four-link four-revolute linkage have?four-link four-revolute linkage have?

ßß If you think of it as a planar four-bar youIf you think of it as a planar four-bar you
automatically think automatically think ““One degree-of-One degree-of-
freedomfreedom””..

A brief digressionA brief digression……

ßß Using the basic planar D.O.F. formula weUsing the basic planar D.O.F. formula we
getget

† 

D.O.F .= 3(n -1) - 2 j
= 3(4 -1) - 2* 4
= +1
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A brief digressionA brief digression……

ßß What if we think of theseWhat if we think of these
links as being general,links as being general,
spatial links connectedspatial links connected
by by revolutesrevolutes??
ßß In space, a revolute jointIn space, a revolute joint

removes five relativeremoves five relative
degrees-of-freedom anddegrees-of-freedom and
leaves only one.leaves only one.

z1

z2

R1
+

Link
2

R2
-

A brief digressionA brief digression……

ßß So if we have four bodiesSo if we have four bodies
connected byconnected by revolutes  revolutes thethe
degrees-of-freedom should be:degrees-of-freedom should be:

ßß In other words, a generalIn other words, a general
spatial four-bar is massivelyspatial four-bar is massively
over-constrained!over-constrained!

z1

z2

R1
+

Link
2

R2
-

† 

D.O.F .= 6(n -1) - 5R
= 6(4 -1) - 5* 4
=18 - 20
= -2
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A brief digressionA brief digression……

ßß It turns out that there are only three fourIt turns out that there are only three four
revolute linkages that exist and can moverevolute linkages that exist and can move
with one degree of freedom. These arewith one degree of freedom. These are
ßß The planar four-revolute mechanismThe planar four-revolute mechanism

(commonly known as (commonly known as ““the four-barthe four-bar””))

ßß The spherical four-revolute mechanismThe spherical four-revolute mechanism

ßß The Bennett mechanismThe Bennett mechanism

A brief digressionA brief digression……

ßß Planar four-bars are unique in that all fourPlanar four-bars are unique in that all four
revolute axes are parallel to one anotherrevolute axes are parallel to one another
and perpendicular to the plane of motion.and perpendicular to the plane of motion.

ßß The axes all intersect at infinity.The axes all intersect at infinity.

ßß That is why the mechanisms work evenThat is why the mechanisms work even
though the formula shows them havingthough the formula shows them having
minus two degrees of freedom!minus two degrees of freedom!
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A brief digressionA brief digression……

ßß Spherical four-bars are also uniquelySpherical four-bars are also uniquely
proportioned.proportioned.
ßß All four revolute axes intersect at a commonAll four revolute axes intersect at a common

point.point.
ßß They have a lot in common with their planarThey have a lot in common with their planar

cousins.cousins.
ßß They are just mapped onto a sphereThey are just mapped onto a sphere
ßß That is why they also work even though theThat is why they also work even though the

formula shows them having minus two degreesformula shows them having minus two degrees
of freedom!of freedom!

A brief digressionA brief digression……

ßß HereHere’’s what a fairly general spherical four-s what a fairly general spherical four-
bar looks like:bar looks like:
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A brief digressionA brief digression……

ßß HereHere’’s what the most common special-s what the most common special-
case spherical four-bar looks like:case spherical four-bar looks like:

A brief digressionA brief digression……

ßß This is the This is the ““HookeHooke”” or  or ““CardanCardan”” universal universal
jointjoint
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A brief digressionA brief digression……

ßß A A Hooke Hooke joint is a specialjoint is a special
case four-revolutecase four-revolute
spherical linkage with allspherical linkage with all
four of itfour of it’’s spherical angless spherical angles
equal to equal to pp/2/2

A brief digressionA brief digression……

ßß The Bennett mechanism is a singularlyThe Bennett mechanism is a singularly
useless special case sphericaluseless special case spherical
mechanism.mechanism.
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A brief digressionA brief digression……

ßß ItIt’’s opposite sides are equal in length and the twists ofs opposite sides are equal in length and the twists of
opposite links are the same.opposite links are the same.
ßß Thus, it has a lot in common with a planar parallelogramThus, it has a lot in common with a planar parallelogram

linkage.linkage.

A brief digressionA brief digression……

ßß The Bennett mechanism has one interesting virtue-The Bennett mechanism has one interesting virtue-
namely it has no dead center positions.namely it has no dead center positions.

ßß When all the x axes are collinear, the output torque isWhen all the x axes are collinear, the output torque is
produced by bending and torsion stresses in theproduced by bending and torsion stresses in the
connecting rod and frame.connecting rod and frame.
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Symbolic RepresentationSymbolic Representation
ExampleExample

ßß Now that you know a little bit about spatialNow that you know a little bit about spatial
four-revolute linkages, letfour-revolute linkages, let’’s see how wes see how we
can analyze them using thecan analyze them using the Hartenberg Hartenberg--
Denavit Denavit method.method.

Symbolic RepresentationSymbolic Representation
ExampleExample

ßß HereHere’’s a planar four-bar for example.s a planar four-bar for example.

ßß The z axes are all oriented with the sameThe z axes are all oriented with the same
sense.sense.

z1

z3

z4

z2 x2

x1

x3

x4

a2

a3
a1

a4
q1

q2

q3

q4

R3 R2

R1

R3
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Symbolic RepresentationSymbolic Representation
ExampleExample

ßß Successive common perpendiculars formSuccessive common perpendiculars form
the four x axes.the four x axes.

z1

z3

z4

z2 x2

x1

x3

x4

a2

a3
a1

a4
q1

q2

q3

q4

R3 R2

R1

R3

Symbolic RepresentationSymbolic Representation
ExampleExample

ßß They axes arenThey axes aren’’t shown but wouldt shown but would
complete the four right-handed coordinatecomplete the four right-handed coordinate
systems.systems.

z1

z3

z4

z2 x2

x1

x3

x4

a2

a3
a1

a4
q1

q2

q3

q4

R3 R2

R1

R3
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Symbolic RepresentationSymbolic Representation
ExampleExample

ßß Note that the xNote that the x11yy11zz11 system is fixed in link system is fixed in link
1, the x1, the x22yy22zz22 system is fixed in link 2, and system is fixed in link 2, and
so on.so on.

z1

z3

z4

z2 x2

x1

x3

x4

a2

a3
a1

a4
q1

q2

q3

q4

R3 R2

R1

R3

Symbolic RepresentationSymbolic Representation
ExampleExample

ßß HereHere’’s the symbolic equation for thiss the symbolic equation for this
planar four-bar:planar four-bar:

z1

z3

z4

z2 x2

x1

x3

x4

a2

a3
a1

a4
q1

q2

q3

q4

R3 R2

R1

R3

† 

† 

R1

a1

0
q1

0

R2

a2

0
q2

0

R3

a3

0
q3

0

R4

a4

0
q4

0

= I



24

Symbolic RepresentationSymbolic Representation
ExampleExample

ßß Comparing it with the general form we seeComparing it with the general form we see
that the four pairs are the fourthat the four pairs are the four revolutes revolutes
RR11 R R22 R R33 and R and R44..

z1

z3

z4

z2 x2

x1

x3

x4

a2

a3
a1

a4
q1

q2

q3

q4

R3 R2

R1

R3

† 

† 

R1

a1

0
q1

0

R2

a2

0
q2

0

R3

a3

0
q3

0

R4

a4

0
q4

0

= I

Symbolic RepresentationSymbolic Representation
ExampleExample

ßß The link lengths are the parameters aThe link lengths are the parameters a11, a, a22, a, a33,,
and aand a44 and are the distances between the z and are the distances between the z
axes measured along the commonaxes measured along the common
perpendiculars.perpendiculars.

z1

z3

z4

z2 x2

x1

x3

x4

a2

a3
a1

a4
q1

q2

q3

q4

R3 R2

R1

R3

† 

† 

R1

a1

0
q1

0

R2

a2

0
q2

0

R3

a3

0
q3

0

R4

a4

0
q4

0

= I
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Symbolic RepresentationSymbolic Representation
ExampleExample

ßß The angles The angles aa are all zero since the axes are all zero since the axes
are all parallel.are all parallel.

z1

z3

z4

z2 x2

x1

x3

x4

a2

a3
a1

a4
q1

q2

q3

q4

R3 R2

R1

R3

† 

† 

R1

a1

0
q1

0

R2

a2

0
q2

0

R3

a3

0
q3

0

R4

a4

0
q4

0

= I

Symbolic RepresentationSymbolic Representation
ExampleExample

ßß The angles The angles qq11, , qq22, , qq33, and , and qq44   are the pair are the pair
variables of the revolute joints.variables of the revolute joints.

z1

z3

z4

z2 x2

x1

x3

x4

a2

a3
a1

a4
q1

q2

q3

q4

R3 R2

R1

R3

† 

† 

R1

a1

0
q1

0

R2

a2

0
q2

0

R3

a3

0
q3

0

R4

a4

0
q4

0

= I
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Symbolic RepresentationSymbolic Representation
ExampleExample

ßß The s distances are also all zero, sinceThe s distances are also all zero, since
the successive x axes were chosen so asthe successive x axes were chosen so as
to intersect.to intersect.

z1

z3

z4

z2 x2

x1

x3

x4

a2

a3
a1

a4
q1

q2

q3

q4

R3 R2

R1

R3

† 

† 

R1

a1

0
q1

0

R2

a2

0
q2

0

R3

a3

0
q3

0

R4

a4

0
q4

0

= I

Another SymbolicAnother Symbolic
Representation ExampleRepresentation Example

ßß LetLet’’s now look at a spherical four-revolutes now look at a spherical four-revolute
mechanism:mechanism:

† 

† 

R1

0
a1

q1

0

R2

0
a2

q2

0

R3

0
a3

q3

0

R4

0
a4

q4

0

= I
z1

z2

z3

z4 x2

x3x1

x4

a1

a3
a4

a2

q1
q2
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Another SymbolicAnother Symbolic
Representation ExampleRepresentation Example

ßß In this case, all the z axes intersect.In this case, all the z axes intersect.

ßß For this reason, all the a and s parametersFor this reason, all the a and s parameters
are zero.are zero.

† 

† 

R1

0
a1

q1

0

R2

0
a2

q2

0

R3

0
a3

q3

0

R4

0
a4

q4

0

= I
z1

z2

z3

z4 x2

x3x1

x4

a1

a3
a4

a2

q1
q2

Another SymbolicAnother Symbolic
Representation ExampleRepresentation Example

ßß The angles The angles aa define the link dimensions. define the link dimensions.

† 

† 

R1

0
a1

q1

0

R2

0
a2

q2

0

R3

0
a3

q3

0

R4

0
a4

q4

0

= I
z1

z2

z3

z4 x2

x3x1

x4

a1

a3
a4

a2

q1
q2
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Another SymbolicAnother Symbolic
Representation ExampleRepresentation Example

ßß The angles The angles qq are the pair variables of the are the pair variables of the
revolutesrevolutes..

† 

† 

R1

0
a1

q1

0

R2

0
a2

q2

0

R3

0
a3

q3

0

R4

0
a4

q4

0

= I
z1

z2

z3

z4 x2

x3x1

x4

a1

a3
a4

a2

q1
q2

Another SymbolicAnother Symbolic
Representation ExampleRepresentation Example

ßß The The Hooke Hooke joint is a special case of thisjoint is a special case of this
with with aa22 =  = aa33 =  = aa44 = 90 = 90ºº

† 

z1

z2

z3

z4 x2

x3x1

x4

a1

a3
a4

a2

q1
q2
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Another SymbolicAnother Symbolic
Representation ExampleRepresentation Example

ßß The symbolic equation for theThe symbolic equation for the Hooke Hooke
universal joint is:universal joint is:

† 

R1

0
a1

q1

0

R2

0
90º
q2

0

R3

0
90º
q3

0

R4

0
90º
q4

0

= I

Another SymbolicAnother Symbolic
Representation ExampleRepresentation Example

ßß The Bennett mechanism has opposite links withThe Bennett mechanism has opposite links with
equal twists (equal twists (aa and  and bb) ) and equal lengths (a and b).and equal lengths (a and b).
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Another SymbolicAnother Symbolic
Representation ExampleRepresentation Example

ßß The Bennett mechanismThe Bennett mechanism’’s x axes all intersect, sos x axes all intersect, so
the s parameters are all zero.the s parameters are all zero.

ßß Again, the pair variables are the Again, the pair variables are the qq’’ss..

Another SymbolicAnother Symbolic
Representation ExampleRepresentation Example

ßß The symbolic equation for the Bennett mechanismThe symbolic equation for the Bennett mechanism
is:is:

ßß AnAn additional condition is that additional condition is that

† 

R1

a
a

q1

0

R2

b
b

q2

0

R3

a
a

q3

0

R4

b
b

q4

0

= I

† 

a
sina

= ±
b

sinb
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Carrying out the MatrixCarrying out the Matrix
Method of AnalysisMethod of Analysis

ßß Once a linkage has been describedOnce a linkage has been described
by a symbolic equation, theby a symbolic equation, the
coordinate transformation from onecoordinate transformation from one
linklink’’s coordinate system to the nexts coordinate system to the next
may be represented by a 4x4 matrixmay be represented by a 4x4 matrix
involving the four parameters a, involving the four parameters a, aa, , qq,,
and s.and s.

Carrying out the MatrixCarrying out the Matrix
Method of AnalysisMethod of Analysis

ßß This coordinate transformation fromThis coordinate transformation from
system k+1 to system k can besystem k+1 to system k can be
shown to be in the form:shown to be in the form:

† 

Ak =

1 0 0 0
ak cosqk cosqk -cosak sinqk sinak sinqk

ak sinqk sinqk cosak cosqk -sinak cosqk

sk 0 sinak cosak

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 
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Carrying out the MatrixCarrying out the Matrix
Method of AnalysisMethod of Analysis

ßß Multiplying together matrices of thisMultiplying together matrices of this
form in the right order can take youform in the right order can take you
from one coordinate system to thefrom one coordinate system to the
next as you go around the loops of anext as you go around the loops of a
closed-loopclosed-loop kinematic  kinematic chain.chain.

† 

Ak =

1 0 0 0
ak cosqk cosqk -cosak sinqk sinak sinqk

ak sinqk sinqk cosak cosqk -sinak cosqk

sk 0 sinak cosak

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

Carrying out the MatrixCarrying out the Matrix
Method of AnalysisMethod of Analysis

ßß For instance, to go from theFor instance, to go from the
coordinate system on link 3 to thecoordinate system on link 3 to the
coordinate system on link 1 youcoordinate system on link 1 you
would perform the matrixwould perform the matrix
multiplication Amultiplication A11AA22
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Carrying out the MatrixCarrying out the Matrix
Method of AnalysisMethod of Analysis

ßß For the four-link examples givenFor the four-link examples given
earlier (planar and spherical fourearlier (planar and spherical four
revolutes revolutes or the Bennett mechanism),or the Bennett mechanism),
AA11AA22AA33AA44 would take you around the would take you around the
closed loop of the mechanism andclosed loop of the mechanism and
back to the starting number oneback to the starting number one
coordinate system.coordinate system.

Carrying out the MatrixCarrying out the Matrix
Method of AnalysisMethod of Analysis

ßß Since you are back to the original #1Since you are back to the original #1
coordinate system, the product of thesecoordinate system, the product of these
transformation matrices must be thetransformation matrices must be the
identity matrix.identity matrix.

AA1 1 AA2 2 AA3 3 AA4 4 = I= I

† 

I =

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 
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Carrying out the MatrixCarrying out the Matrix
Method of AnalysisMethod of Analysis

AA1 1 AA2 2 AA3 3 AA4 4 = I= I

Coordinate system
O2x2y2z2 fixed on link 2

Coordinate system
O4x4y4z4 fixed on link 4

Coordinate system
O3x3y3z3 fixed on link3

Coordinate system
O1x1y1z1 fixed on link 1

Matrix A1
(A function of
a1, a1, q1, s1)

Matrix A2
(A function of
a2, a2, q2, s2)

Matrix A4
(A function of
a4, a4, q4, s4)

Matrix A3
(A function of
a3, a3, q3, s3)

Carrying out the MatrixCarrying out the Matrix
Method of AnalysisMethod of Analysis

ßß All the remaining displacement relationsAll the remaining displacement relations
relating the pair variables can then berelating the pair variables can then be
extracted from this matrix equation:extracted from this matrix equation:

AA1 1 AA2 2 AA3 3 AA4 4 = I= I
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Example: Analysis of theExample: Analysis of the
Hooke Hooke JointJoint

† 

A1 =

1 0 0 0
0 cosq1 -cosa1 sinq1 sina1 sinq1

0 sinq1 cosa1 cosq1 -sina1 cosq1

0 0 sina1 cosa1

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

† 

A2 =

1 0 0 0
0 cosq2 0 sinq2

0 sinq2 0 -cosq2

0 0 1 0

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

† 

A3 =

1 0 0 0
0 cosq3 0 sinq3

0 sinq3 0 -cosq3

0 0 1 0

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

† 

A4 =

1 0 0 0
0 cosq4 0 sinq4

0 sinq4 0 -cosq4

0 0 1 0

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

Carrying out the MatrixCarrying out the Matrix
Method of AnalysisMethod of Analysis

ßß To reduce the number of matrix productsTo reduce the number of matrix products
involved, both sides of this equation caninvolved, both sides of this equation can
be multiplied by the inverse matrix Abe multiplied by the inverse matrix A11

-1-1..

AA11
-1-1AA11AA2 2 AA3 3 AA4 4 = A= A11

-1 -1 I = AI = A11
-1-1

AA2 2 AA3 3 AA4 4 = A= A11
-1-1
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Carrying out the MatrixCarrying out the Matrix
Method of AnalysisMethod of Analysis

ßß The inverse matrix AThe inverse matrix A11
-1-1 in this case can be in this case can be

obtained by simply interchanging rowsobtained by simply interchanging rows
and columns in Aand columns in A11 and is simply: and is simply:

† 

A1
-1 =

1 0 0 0
0 cosq1 sinq1 0
0 -cosa1 sinq1 cosa1 cosq1 sina1

0 sina1 sinq1 -sina1 cosq1 cosa1

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

Carrying out the MatrixCarrying out the Matrix
Method of AnalysisMethod of Analysis

ßß After carrying out the matrix products weAfter carrying out the matrix products we
get:get:

† 

A1
-1 =

1 0 0 0
0 cosq1 sinq1 0
0 -cosa1 sinq1 cosa1 cosq1 sina1

0 sina1 sinq1 -sina1 cosq1 cosa1

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

=

1 0 0 0
0 cosq2 cosq3 cosq4 + sinq2 sinq4 cosq2 sinq3 -cosq2 cosq3 sinq4 - sinq2 cosq4

0 sinq2 cosq3 cosq4 - cosq2 sinq4 sinq2 sinq3 -sinq2 cosq3 sinq4 + cosq2 cosq4

0 sinq3 cosq4 -cosq3 sinq3 sinq4

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 
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† 

A1
-1 =

1 0 0 0
0 cosq1 sinq1 0
0 -cosa1 sinq1 cosa1 cosq1 sina1

0 sina1 sinq1 -sina1 cosq1 cosa1

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

=

1 0 0 0
0 cosq2 cosq3 cosq4 + sinq2 sinq4 cosq2 sinq3 -cosq2 cosq3 sinq4 - sinq2 cosq4

0 sinq2 cosq3 cosq4 - cosq2 sinq4 sinq2 sinq3 -sinq2 cosq3 sinq4 + cosq2 cosq4

0 sinq3 cosq4 -cosq3 sinq3 sinq4

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

Carrying out the MatrixCarrying out the Matrix
Method of AnalysisMethod of Analysis

ßß Corresponding elements in both matricesCorresponding elements in both matrices
must be equal.must be equal.

† 

A1
-1 =

1 0 0 0
0 cosq1 sinq1 0
0 -cosa1 sinq1 cosa1 cosq1 sina1

0 sina1 sinq1 -sina1 cosq1 cosa1

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

=

1 0 0 0
0 cosq2 cosq3 cosq4 + sinq2 sinq4 cosq2 sinq3 -cosq2 cosq3 sinq4 - sinq2 cosq4

0 sinq2 cosq3 cosq4 - cosq2 sinq4 sinq2 sinq3 -sinq2 cosq3 sinq4 + cosq2 cosq4

0 sinq3 cosq4 -cosq3 sinq3 sinq4

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

Carrying out the MatrixCarrying out the Matrix
Method of AnalysisMethod of Analysis

ßß Suppose that Suppose that qq11 is the input variable and is known. is the input variable and is known.
ßß WeWe seek relations giving  seek relations giving qq22, , qq33, and , and qq44 in terms of in terms of

qq11..
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† 

A1
-1 =

1 0 0 0
0 cosq1 sinq1 0
0 -cosa1 sinq1 cosa1 cosq1 sina1

0 sina1 sinq1 -sina1 cosq1 cosa1

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

=

1 0 0 0
0 cosq2 cosq3 cosq4 + sinq2 sinq4 cosq2 sinq3 -cosq2 cosq3 sinq4 - sinq2 cosq4

0 sinq2 cosq3 cosq4 - cosq2 sinq4 sinq2 sinq3 -sinq2 cosq3 sinq4 + cosq2 cosq4

0 sinq3 cosq4 -cosq3 sinq3 sinq4

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

Carrying out the MatrixCarrying out the Matrix
Method of AnalysisMethod of Analysis

ßß Equating the ratios of these sets of elementsEquating the ratios of these sets of elements
gives gives qq22 in terms of  in terms of qq11::

† 

tanq2 = cosa1 cotq1

† 

A1
-1 =

1 0 0 0
0 cosq1 sinq1 0
0 -cosa1 sinq1 cosa1 cosq1 sina1

0 sina1 sinq1 -sina1 cosq1 cosa1

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

=

1 0 0 0
0 cosq2 cosq3 cosq4 + sinq2 sinq4 cosq2 sinq3 -cosq2 cosq3 sinq4 - sinq2 cosq4

0 sinq2 cosq3 cosq4 - cosq2 sinq4 sinq2 sinq3 -sinq2 cosq3 sinq4 + cosq2 cosq4

0 sinq3 cosq4 -cosq3 sinq3 sinq4

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

Carrying out the MatrixCarrying out the Matrix
Method of AnalysisMethod of Analysis

ßß Equating this pair of elements gives Equating this pair of elements gives qq33 in terms in terms
of of qq11::

† 

cosq3 = sina1 cosq1
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† 

A1
-1 =

1 0 0 0
0 cosq1 sinq1 0
0 -cosa1 sinq1 cosa1 cosq1 sina1

0 sina1 sinq1 -sina1 cosq1 cosa1

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

=

1 0 0 0
0 cosq2 cosq3 cosq4 + sinq2 sinq4 cosq2 sinq3 -cosq2 cosq3 sinq4 - sinq2 cosq4

0 sinq2 cosq3 cosq4 - cosq2 sinq4 sinq2 sinq3 -sinq2 cosq3 sinq4 + cosq2 cosq4

0 sinq3 cosq4 -cosq3 sinq3 sinq4

È 

Î 

Í 
Í 
Í 
Í 

˘ 

˚ 

˙ 
˙ 
˙ 
˙ 

Carrying out the MatrixCarrying out the Matrix
Method of AnalysisMethod of Analysis

ßß And equating the ratios of this pair of elementsAnd equating the ratios of this pair of elements
gives gives qq44 in terms of  in terms of qq11::

† 

tanq4 =
1

tana1 sinq1

HartenbergHartenberg--DenavitDenavit
Homework:Homework:

ßß The illustration shows an RRCRC saw drive mechanismThe illustration shows an RRCRC saw drive mechanism
reproduced from an article in Machine Design Magazinereproduced from an article in Machine Design Magazine
for Sept 24, 1964.for Sept 24, 1964.
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HartenbergHartenberg--DenavitDenavit
Homework:Homework:

ßß Choose an appropriate coordinate system,Choose an appropriate coordinate system,
take note of special proportions (such astake note of special proportions (such as
9090ºº angles, zero lengths, etc. and derive angles, zero lengths, etc. and derive
the output versus input relation from thethe output versus input relation from the
HartenbergHartenberg--DenavitDenavit matrix equation matrix equation

[A[A55] [A] [A44] [A] [A33] [A] [A22] [A] [A11] = [I]] = [I]

MoreMore Hartenberg Hartenberg--DenavitDenavit
Homework: Homework: (based on (based on ShigleyShigley & & Uicker Uicker))

ßß TheThe Hooke Hooke joint consists of two yokes joint consists of two yokes
(which are the driving and driven(which are the driving and driven
members) and a cross which is themembers) and a cross which is the
connecting link.connecting link.
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MoreMore Hartenberg Hartenberg--DenavitDenavit
Homework: Homework: (based on (based on ShigleyShigley & & Uicker Uicker))

ßß One disadvantage of thisOne disadvantage of this
joint is that the velocityjoint is that the velocity
ratio fluctuates duringratio fluctuates during
rotation.rotation.
ßß This is a polar angularThis is a polar angular

velocity diagram for onevelocity diagram for one
complete rotation of thecomplete rotation of the
driver and driven links ofdriver and driven links of
the joint.the joint.

MoreMore Hartenberg Hartenberg--DenavitDenavit
Homework: Homework: (based on (based on ShigleyShigley & & Uicker Uicker))

ßß Since the driver isSince the driver is
assumed to have aassumed to have a
constant angularconstant angular
velocity, its polarvelocity, its polar
diagram is a circle.diagram is a circle.
ßß The diagram for theThe diagram for the

output is an ellipseoutput is an ellipse
which crosses thewhich crosses the
driver circle at fourdriver circle at four
places.places.
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MoreMore Hartenberg Hartenberg--DenavitDenavit
Homework: Homework: (based on (based on ShigleyShigley & & Uicker Uicker))

ßß This means there areThis means there are
four instants duringfour instants during
each rotation when theeach rotation when the
angular velocities of theangular velocities of the
two shafts are equal.two shafts are equal.
ßß The rest of the time,The rest of the time,

the output rotatesthe output rotates
faster or slower.faster or slower.

MoreMore Hartenberg Hartenberg--DenavitDenavit
Homework: Homework: (based on (based on ShigleyShigley & & Uicker Uicker))

ßß Think of the drive shaftThink of the drive shaft
as having an inertiaas having an inertia
load at each endload at each end–– the the
flywheel and engineflywheel and engine
spinning at constantspinning at constant
speed at one end andspeed at one end and
the weight of the carthe weight of the car
running at high speedrunning at high speed
at the other end.at the other end.
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MoreMore Hartenberg Hartenberg--DenavitDenavit
Homework: Homework: (based on (based on ShigleyShigley & & Uicker Uicker))

ßß If a single universalIf a single universal
joint were used in a carjoint were used in a car
either the speed of theeither the speed of the
engine or the speed ofengine or the speed of
the car would need tothe car would need to
vary during eachvary during each
rotation of the driverotation of the drive
shaft.shaft.

MoreMore Hartenberg Hartenberg--DenavitDenavit
Homework: Homework: (based on (based on ShigleyShigley & & Uicker Uicker))

ßß Both inertias resist thisBoth inertias resist this
so the tires wouldso the tires would
need to slip and theneed to slip and the
parts of the powerparts of the power
transmission would betransmission would be
highly stressed.highly stressed.
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MoreMore Hartenberg Hartenberg--DenavitDenavit
Homework: Homework: (based on (based on ShigleyShigley & & Uicker Uicker))

ßß To attain a uniform angular velocity ratio, actualTo attain a uniform angular velocity ratio, actual
drive shafts use a pair of universal jointsdrive shafts use a pair of universal joints
arranged in one of these two configurations.arranged in one of these two configurations.
ßß This causes the speed fluctuations to cancel andThis causes the speed fluctuations to cancel and

a uniform velocity ratio from input to output.a uniform velocity ratio from input to output.

MoreMore Hartenberg Hartenberg--DenavitDenavit
Homework: Homework: (based on (based on ShigleyShigley & & Uicker Uicker))

ßß Using theUsing the Hartenberg Hartenberg--DenavitDenavit method, develop method, develop
an expression for the ratio of an expression for the ratio of ww2/ 2/ ww4 4 in terms of thein terms of the
angle of shaft misalignment.angle of shaft misalignment.
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MoreMore Hartenberg Hartenberg--DenavitDenavit
Homework: Homework: (based on (based on ShigleyShigley & & Uicker Uicker))

ßß Then use that expression to develop a table showing theThen use that expression to develop a table showing the
ratio of the output angular velocity to the input angularratio of the output angular velocity to the input angular
velocity for a single universal joint at running at shaftvelocity for a single universal joint at running at shaft
misalignments of 0misalignments of 0ºº, 5, 5ºº, 10, 10ºº, 15, 15ºº, 30, 30ºº, and 45, and 45ºº..
ßß (Data can be plotted at 15(Data can be plotted at 15ºº increments if you like over just increments if you like over just

9090ºº rotation of the input shaft.) rotation of the input shaft.)

MoreMore Hartenberg Hartenberg--DenavitDenavit
Homework: Homework: (based on (based on ShigleyShigley & & Uicker Uicker))

ßß If the differences between the maximum and minimumIf the differences between the maximum and minimum
ratios is expressed as a percent and plotted against theratios is expressed as a percent and plotted against the
shaft angle a curve such as this one will result:shaft angle a curve such as this one will result:


