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Abstract—This paper presents a complex number development of a three position geared five-bar

precessing mechanism synthesis.

The methodology which is presented in this study is based on an extension of Burmester cycloidal
circlepoint-centerpoint theory([2]. This paper presents the mathematical formulation of the synthesis

process.

A structured FORTRAN computer program was developed on a VAX 11/780 computer in order to
implement the synthesis process. The synthesis program is capable of presenting the synthesis results on

a graphical display. Typical results are shown.

INTRODUCTION

Definition

The precessing mechanism under consideration is a
geared five-bar linkage in which input and output links
are pinned together at one point on the fixed reference
plane. The mechanism traces paths which precess and
are symmetrical about the single fixed pivot (Fig. 1).
Typically, these patterns resemble a multi-leaf flower.
The mechanism is capable of generating symmetrical
motions with an arbitrary number of leaves. There are
also three arbitrarily specified design or “precision™
positions within each leaf.

A maximum of three prescribed precision position
synthesis can be attained with the mechanism topol-
ogy described[5]. More complex topologies would
permit a larger number of prescribed positions.

The number of leaves in a motion pattern is
determined by the velocity ratio of the input and the
output crank rotation[7]. Applications of the geared
precessing mechanism can be categorized as function
generation, path generation and motion generation.

DEVELOPMENT OF THEORY

One can represent the particular geared five-bar
precessing mechanism under consideration in this pa-
per by two closed vector polygons[1] (Fig. 2).

(1) Central crank vector polygon (vectors P, Q, 1)

(2) Precessing crank vector polygon (vectors V, W,
X, r)

A typical link of the mechanism is represented vec-
torially as in P,  where k is the leaf number and j is the
prescribed design position of the link within the kth
leaf.

If the vectors were written as complex numbers[2];

P,=P., +iP,; (1

then the rotation of the link through an angle 6, , from

tBased on the first author’s Master of Science Thesis at
the George Washington University.
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its reference (Ist position) to its jth position can be
written,

Py =e"P,, (2)

where e is called a “rotation operation’ [3].

THE EFFECTS OF THE GEAR RATIOS

The gear ratio of the mechanism determines the
rotational speed and the number of leaves it will gener-
ate. Since the mechanism is geared, it will require
continuous rotation of both cranks.

The velocity ratio of the gears will determine the
number of leaves directly since the output crank rota-
tion is a function of input crank rotation, ¥ = f(#) or
¥y, = 0, ,/Q where Q is the velocity ratio (The velocity
ratio, Q is one plus the geared ratio.)

For example, if the velocity ratio Q is 5, this means
that the traced path will have 4 symmetrical leaves
with three prescribed positions of the moving body
within each leaf.
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Fig. 1. Geared precessing mechanism.
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Fig. 2. Vectorial representation of the precessing mechanism.

Motion requirements

Every time the input crank (which is arbitrarily
defined as the faster crank) revolves with respect to the
slower crank (output crank), the mechanism will gen-
erate one leaf pattern.

Every time the output crank revolves with respect to
the fixed reference plane, the mechanism will generate
one complete pattern. If ratios are chosen so that both
links get back to their starting positions, (i.e. integer
ratio between links) then the pattern will repeat.

The above requirement will be carried out when

Hk,,:' ot n!pk.; or wk‘; i Bk.j-fn' (3)

In order to synthesize a precessing mechanism for
n-leaved motion with three prescribed positions of the
moving body within each leaf, a designer must choose
values for the Q and, for example, the y; rotation
angles. Then, once rotations of the input crank have
been calculated, the output crank rotations can be
determined from egn (3).

THE NUMBER OF PRECISION POSITIONS

Because the central crank vector polygon has a
more limited number of parameters, it will determine
the number of positions for which a precessing
mechanism of this type can be synthesized. There are
more parameters available in the precessing crank
polygon, so some of them can be chosen to meet the
needs of the central crank and there will be still
enough parameters remaining to allow a solution for
the precessing crank.

For the mechanism in the Jth design position the
vector equation of closure can be written for the cen-
tral crank vector polygon as follows

eP+eQ=r, 4)

From the above equation a table can be constructed
for the number of positions permitted by the central
crank (Table 1). This particular precessing mechanism
can be synthesized for a maximum of three precision
position synthesis within each leaf[6]. In doing this,
the ¢'s can be arbitrarly picked.

For three design position synthesis a nonlinear com-
patibility relationship must be solved to determine the
0 angles. For two precision position synthesis, solu-
tion of a compatibility relationship is not necessary.

MOTION CRITERIA

A precessing mechanism of the type under consid-
eration has two cranks, namely the input and output
cranks, but these are not the same as the double
cranks conventionally referred to in the Grashof
classification scheme. Nonetheless, the Grashof re-
lationship gives important insight into the ability of
the geared five-bar precessing mechanism’s ability to
move continuously [4].

The particular Grashof relation which is required
in the synthesis of this precessing mechanism as
follows;

(1) Either the input crank or the output crank
must be the shortest link.
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Table 1.
Pracjs:ion Complex Real Uiksowi = of real Arbit_rary
position equ. equ. unknown choice
1 1 2 P,Q 4 2
2 2 4 P, Q, 8 5 1
3 3 6 P, Q8,6 5 0

(2) The sum of the lengths of the longest and the
shortest links must be less than the sum of the
lengths of the other two links, thatis L +s <p + Q
(Fig. 3).

Also both input crank and output crank must
be able to rotate continuously in the same direction.
If one of the above conditions fails, the precessing
mechanism cannot be moved continuously.

These constraints put many limits on the synthesis
process.

THE SYNTHESIS PROCESS

In the development that follows, the precessing
mechanism is defined by two separate vector poly-
gons;

(a) The input vector polygon is called the “central
crank polygon™.

(b) The output vector polygon is called the “pre-
cessing crank polygon”.

The above vector polygons can be represented in
terms of complex equations. The solutions for the
vector polygon equations are as follows.

Synthesis of the central crank
In Fig. 4 three positions within a single leaf are
prescribed arbitrarily for the moving plane n. These
arbitrary positions are specified relative to a coordi-
nate system in the fixed plane. For simplicity only two
arbitrary design positions are shown in Fig. 4. Vector
r.,; prescribes jth design position in kth leaf. ¢, is the
displacement angle of the moving plane n. Adding up
vectors around the polygon, r;, becomes
Pi+Q=r1, (5)
As the moving plane goes from its Ist position to its
Jth position, the unknown vector P, moves by the
angle 6, ;. Since the unknown vector Q, ; is attached to
the moving plane, its rotation is the same as that of the
moving plane.

s+L {a+P

THE SHORTEST
LINK iS5 THE CRANK

Fig. 3. Grashof relation (precessing mechanism).
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For the prescribed positions, the eqn (5) can be
written in the following form for three position syn-
thesis

P+Q=r (6)
e®P +e*Q=r, ™
e®P +e*Q=r, @®)

The angles ¢,, ¢, and the vectors r;’s are known
from the input data. The angles 8,, 8, are unknown
along with vectors P, Q.

Complex vector equations can be written in matrix
form, as follows

1 1 r
& o I:(l;:l___ uf )
eﬂj e r;

Since there are three complex equations and only
two complex unknowns (P, Q), a solution for the
compatibility equation will only exist if the augmented
matrix of the system is of rank 2[3). This compatibility
condition can be expressed in the following com-
patibility equation[1].

e ¢4 p|=0 (10)
eifs it r
iv A
™ posITION
*' posiTioN
| m
. “
if,
Bi=e R,
g...‘ei¢l'l 2

x

Fig. 4. Vectorial representation of the central CRANK
vector polygon.
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Expanding eqn (10) in terms of cofactors of the first
column

e’ r, ol 1 n : r||
P—e®| | < =0 (I
el?s r, & glds r, te et " 0 ( )
then
8, — ey +e™A, =0 (12)
where
ei’d: I,
A= . 13
i e‘@'] r, ( ]
1
4= 14
b= o, (14)
1 r
B={ e .| (15)
The (eqn 2) can be written as
A, —eA, = A, (16)

The equation above can be given the following
graphical interpretation. A,, A,, A, are known complex
numbers (Fig. 5 and 6). Vector e®A, is rotated through
an unknown angle 6, and vector e®A, is rotated
through an unknown angle 0;. These vectors must be
added to be equal to the known vector A,. As can be
seen from Fig. 6, the compatibility triangle can be
assembled in two possible ways. One possibility is the
rotation of @, and @, for the “First Choice” com-
patibility triangle. The other possibility is the rotation
of @, and &, for the “*Alternate Choice™” compatibility
triangle. The alternate choice of angles 6, and 6, are
distinguished by means of the overscore as written
(0, &). The uniqueness of this triangle provides two
sets of solutions for the unknown angles £, and 6,
which is a useful gain from a synthesis point of view.

The law of cosines can be used to determine the
internal angles of the triangle (Fig. 7).

72=00s" " (A + A" — A/24,4,) (17)

e =cos (A7 + A — AY2A,4,). (18)
Once the internal angles of the triangle are calcu-

lated, solutions for the 0,, &, and 8,, #, become
simpler.

83

Fig. 5. Vector representation of A,, A, A,.
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Fig. 7. Law of cosines.

Figs. 6 and 8 shows how the rotation angles ¢, and
fl, are calculated. Finally the angle 6, becomes

t=p+7: (19)
and

g. =B + 7 (20)

From Figs. 6-9 0, and #, can be calculated.

O:=B>— 74 (21)

g.\ =B+ 7 (22)

These compatibility values of 8,, 6, satisfy eqn (10);

therefore any two equations from egn (9) can be
solved to obtain P, Q

P+Q=r (23)

e"P +e*Q=r, (24)

Fig. 8. Determining B, between vectors A, and A,
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Fig. 9. Determining B, between vectors A, and A,.

or, in matrix form

[ ] [o]-[7]

now, by using Cramer’s rule the unknown vectors P
and Q can be solved as follows;

(25)

determinant
1 1
D= o it (26)
vector P
r; 1
icha
p=1D Dc 1))
and vector Q
1 r !
e® r
Q= ot 28)

The alternate choice rotation angles 8,, 8, will give
an alternate vector solution for the central crank.

One important point must be mentioned that, in
some cases if either

4> A+ 4, (29)

or

4, < MJ . é4| (30)
conditions occur, the compatibility triangle cannot
be assembled. Therefore, no synthesis can be com-
pleted. Such conditions could play a very important
role in the synthesis process.

Synthesis of the precessing crank

In the precessing vector polygon (Fig. 10), the
moving plane and the described design positions ry;
and the displacement angles of ¢, of the moving
plane are same as those in the synthesis of the central
crank.

For simplicity only two of the described design
positions are shown in Fig. 10.

T JM sosmion

1" POSITION

Fig. 10. Vectorial precessing

representation of the
CRANK vector polygon.

Adding up the vectors around the vector polygon

yields
V+W+X=r,. (31)

As the moving body goes from its Ist position to
its jth position within a leaf, the unknown vector V, ;
moves by the angle ¥, ;, where ¥, ; =6, ;/Q (2 is the
velocity ratio).

The unknown vector W moves by moves by the
angle g, ;. Since the unknown vector X;; is on the
moving plane m, it will have the same angle of
rotation, angle ¢, ;.

The closure of the vector polygon equations for
three positions is expressed as follows

V+W+X=r (32)
e™PV 4 emW + X =1, (33
POV + W + X =r,. (34)

These complex vector equations can be written in
matrix form

111 v] [r,
ee| (W] |l G9)

eht g gt X r;

emlm e“#?

Since the angles y, and p; were already prescribed
during the solution for the central crank, solution of
these equations becomes a trivial task.

First choice precessing crank determinant

1 1
D= ei‘: M el @
el iy @ity

(36)
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vector V
r, |1 1
r, gl it
r; e e®
V= 37
D (37)
vector W
1 1]
Em"'n r, EM:
gifin I, eits
=" 38
) (38)
vector X
1 Il
eiﬁ:_-'ﬁ g2 r,
if5/01 el',u_‘ r
0 L | (39)

D

The alternate set of input rotation angles f, and
@, of the vector P in the central crank will give an
alternate choice vector solution for the precessing
crank. Since the rotation angles of i, are function
of 8y, therefore replacing 6, 's with the alternate set
of f,, one can obtain the alternate set of vector
solutions in the same manner.

Finding the solutions for the unknown vectors of
P, Q in the central crank vector polygon and the
vectors of the V, W, X in the precessing crank vector
polygon completes the synthesis process of the pre-
cessing mechanism.

THE SYNTHESIS PROGRAM

The precessing mechanism synthesis process was
developed with the structured FORTRAN pro-
gramming language on the VAX/VMS computer.
The synthesis program CRANK has 28 subroutines
with a main program and a declaration subroutine
which is externally linked.

Program crank consists of two parts;

(a) Mechanism synthesis.

(b) Graphical representation of the synthesized
mechanism.

(a) Mechanism synthesis

Mechanism synthesis mainly solves for the aug-
mented matrix and the compatibility triangle. Once
the input and the output crank rotations are calcu-
lated, it solves for the unknown vectors of the central
crank vector polygon and precessing vector polygon.
The alternate choice compatibility triangle solutions
are also calculated. Program checks for the singu-
larity condition in matrix operations are incorpo-
rated into these calculations.

As mentioned earlier, the precessing mechanism
must have continuous input and output crank rota-
tions in the same direction. The program checks for
this and if the test for continuous rotations fails, the
synthesis process will be interrupted.

(b) Graphical representation

The graphical representation of the mechanism
takes place on a Printronix dot matrix output device.

The synthesis program is equipped with various
plotting capabilities.

(1) Plotting of the vector solutions for the mech-
anism.

(a) First leaf, three prescribed positions mech-
anism plot (Fig. 11).

(b) One full rotation of the mechanism plot (Fig.
12).

(2) Plotting of the coupler curve (Fig. 13).

(3) Plotting of the successive motion of the pre-
scribed positions, as the mechanism makes one full
rotation (Fig. 14).

Fig. 11. Precessing mechanism plotting in first leaf with
three prescribed design positions.

Fig. 12. Precessing mechanism plotting in one full rotation.
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Fig. 13. Coupler curve plotting.

Program crank also provides a hard copy printout
of the solutions for the vectors, accompanied with
their rotation angles in three prescribed design pos-
itions (see Appendix I).

Input data set

The position vectors are read in as pairs of real
numbers in the form of a real part followed by an
imaginary part separated by a comma. Second and
third position vectors are accompanied with rotation
angles ¢;'s of the moving plane in degrees. Rotation
angles u’s of the unknown vector W are also read,
since they are also prescribed (Table 2).

o

Fig. 14. Successive motion plotting of the prescribed
position which moves with moving plane.

COMMAND INSTRUCTIONS

Crank is equipped with a set of command in-
structions so that the designer has plotting
alternatives[1]. This allows him to better understand
the motion characteristics of the mechanism. (Table
3).

Command usage

LINK: Command LINK passes control of the pro-
gram to subroutine DRAW-LINK which sets the
coordinate system and the prescribed design positions.
Two plotting choices are available.

CURYV: Command CURV passes control of the

Table 2.

ENTER X & Y COORD. OF FIRST POSITION

1,1

ENTER X & Y COORD. OF SECOND POSITION AND PHI2

2,1,15

ENTER X & Y COORD. OF THIRD POSITION AND PHI3

2,5,5
ENTER MU2, MU3
30, 45

ENTER VELOCITY RATIO (OMEGA). IT MUST BE AN

INTEGER.
5

Table 3.

SUBROUTINE COM...BLOCK IS EQUIPPED WITH COMMAND

INSTRUCTIONS.
COMMAND DESCRIPTION:
LINK: DRAW LINKAGE

CURVE: DRAW COUPLER CURVE

MOVE: DRAW SUCCESSIVE MOTION OF POSITION
REST: RESULTS OF THE VECTOR CALCULATIONS
QUIT: QUIT COMMAND MODE
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program to subroutine COUPLER-CURY which sets
the coordinate system, the prescribed positions and
plots the motion of the moving plane or the coupler
link.

MOVE: Command Move passes control of the pro-
gram to subroutine MOV-POS which plots the suc-
cessive incrementation of the moving design position.

REST: Command REST passes control of the pro-
gram to subroutine RESULTS which prints a hard
copy of the synthesis results (see Appendix 1).

QUIT: Command QUIT takes control of the pro-
gram from subroutine COM-BLOCK where all above
operations take place, so that the program can be
utilized for other designs.

CONCLUSION

The synthesis technique which is illustrated in this
study is an extension of Burmester circlepoint—
centerpoint theory. This synthesis is useful in function,
path and motion generation applications which can be
used for designing linkages capable of generating sym-
metric motions. In this synthesis an arbitrary number
of leaves along with three arbitrarily specified posi-
tions within each leaf must be present.

Because of the compatibility condition (see Syn-
thesis of the central crank), there are two alternatives
for each synthesis solution. With this choice of alter-
natives, a designer can study both solutions and
choose one which better suits the design require-
ments. However two solutions don’t always exist for
design.

The geared five-bar precessing mechanism could
possibly be utilized in applications such as indexing or
decorative stitching. A few possible designs for such
precessing mechanisms have been presented in this
study. As an extension, it is possible to synthesize a
whole family of geared precessing mechanisms for
higher order arbitrarily chosen design positions.

A suggestion for further work is to extend the tech-
niques developed in this thesis to encompass a wider
variety of other types of precessing mechanisms based
around 6, 8 or 10 bar chains.
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APPENDIX

Appendix 1 illustrates synthesis of a precessing mech-
anism with five leaves. The sample synthesis shows the
capabilities of the computer program CRANK.

The following synthesis consists of below steps:

(a) Input data (the prescribed positions and angles with
velocity ratio OMEGA).

(b) Design results (Vector dimensions and their rotation
angles).

(c) The mechanism plot in first leaf.

(d) The mechanism plot in one complete rotation.

(e) The coupler curve plot.

(f) The successive notion of the design position.

(g) Checking for second choice synthesis. If doesn’t
exist. the synthesis is completed.

ENTEK XEY COORD.OF FIRST FOSITION

1s1

ENTER Xi¥ COORD.OF SECOND POSITION AND FHIZ

2e141%

ENTER X8Y COORD.OF THIRD FOSITION AND FHIZ

2+5¢5

ENTER HU2+HUZ

3045

ENTER VELOCITY RATIO (OMEGA).IT MUST BE aN IMTEGER.
5

XY THE INFUT VALUES ¥xa

FORITION VECTORS

Rl ¢ 1.000000 1. 000000 3

K2 ¢ 2,000000 ¢ 1.000000 } PHIZ
EZ { 7.000000 +  5.000000 } PHI3
ROTATION ANGELS OF THE VECTOR W

45. 00000

15.00000
5.000000

Hu2 20. 00000 M3
VELOCITY KATIO UhEGA

* COMMAND DESCRIFTION:
LINK? DRAW LIMKAGE

V: DRAW CUUFLER CURVE
DRAW SUCCESSIVE MUTION OF FOSITION
RESULTS OF THE VECTCR CALCULATIONS *
: QUIT COHMAND' MDDE

ENTER COHMAND ...
CONHAND *
REST

x4 DESIGN RESULTS OF THE FPRECESSING MECHAMISH sxx
T e ]

& CENTRAL CRANK 2
VECTOR F (INFUT CRANK)=  -1.472980 v -1.518433 ¥
WANK ROTATIONS (FHI) OF P:

OSITIONY= 4% .68748 DEGREES
~OS1TIONY 228.4770 DEGREES
VECTOR B= ¢ 2.472980 2.410635 »
ANGLE OF FOTATION (FHI) OF VECTOR o:
FHI (28D POSITIONI=  14.99717 DBECREES
FHE (38D POSITION)=  4.99905& CEGREES
% FRECESSING CRANK x
WECTOR U (OUTPUT CRANK}® [ S.5A2345 » 0.0903428 3
OUTFUT CRANK ROTATION (FSI) OF i
PSI (2ND FOSITIONI= 8.314512 DEGREES
FS1 (3RD FOSITION)= 38.07950 = BEGREES
VECTOR W= (—0.147225% » —#.325317 ]
ANGLE OF ROTATION (MU) OF VECTOR W3
MU (2WD FOSITIONY= 29.99434 DEGREES
ml (3IRD FOSTYIOMY= 44.99151 DEGREES
VECTOR Xx= { -4.41511% v - 4. 434957 3
ANGLE OF KOTATION (FHID OF VECTOR x:
FHI (OND POSITION)=  14.99717 DEGREES

FHI (3RD PUSITION)= DCCREES

& COMAAND DESCRIFTIDN:
LINL: DRAW LINKAGE
CURY: DRAW COUPLER CURVE
MIVE: DPRAY SUCCESSIVE HOTION OF FOSITION
FEST? RESULTS OF THE VECTDRE CALCULATIONS
MITT: QUIT COMMAND: MODE

ENTER COHPAND ...

oAt @

4. 797058
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® COMHAND DESCRIPTION:
LINK: DRAW LINKAGE
CURV: DRAM COUPLER CURVE
HOVE: DRAM SUCCESSIVE MOTIDN OF POSITION
REST: RESULTS OF THE VECTOR CALCULATIONS
QUIT: QUIT COMHAND HODE
EHTER COHMAND ...
COMMAND 7
LINK
L0 YOU WANT THE ROTATION OF THE HECHANISH 7 (Y/N)}
N

* COMMAND DESCRIFTION:

LINN: DRAM LINKAGE

CURV! DRAW COUFLER CURVE

MOVE: DRAW SUCCESSIVE MOTION OF FOSITION
KEST: RESULTS OF THE VECTOR CALCULATIONS
QUIT: GUIT COMHAND HODE

ENTER CONMAND ...
COMMAND 7
CURV

147

* CONMAND DESCRIFTIONG
LINK: DRAW LINKAGE
CURV: DRAW COUPLER CURVE
HOVE: DRAW SUCCESSIVE HOTION DF POSITION
REST! RESULTS OF THE VECTOR CALCULATIONS
QUIT: GUIT COMHAND HODE

ENTER COHMAND ...

COMHAND 7

LINK
DO YOU WANT THE ROTATION OF THE MECHANISH T (Y/N}
¥

* COMMAND DESCRIFTION:
LINK: DRAW LINKAGE
LURV: DRAW COUPLER CURVE
HOVE: DRAW SUCCESSIVE MOTION OF POSITION
REST: RESULTS OF THE VECTOR CALCULATIONS
GQUIT: GUIT COMMAND MODE

ENTER COMMAND ...

COMMAND 7

OVE

& COMHAND IIYSI;I_?IPTIDN:
LINK: DRAW LINKAGE
CURY: DRAM COUFLER CURVE
MOVE: DRAW SUCCESSIVE MOTION OF FOSITION
REST: RESULTS OF THE VECTOR CALCULATIONS
GUIT: OUIT COMMAND HODE

ENTER CONMAND ...

COMMAND 7

QuIT

S8 HMESSAGE 4 =x2

SECOND CHOICE CENTRAL CRANK CAMNOT BE SYNTHESIZED

THE SYNTHESIS PROCESS INTERRUPTED.

FORTRAN STOF

.
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LA SYNTHESE D'UN MECANISME A PRECEDER EN TROIS POSITIONS
C. Oren et R.E. Kaufman

Résumé - Cet exposé présente une méthode de synth&se en nombres complexes d'un mécanisme
3 cing barres avec engrenages et trois positions spécifiées.

La méthode est basée sur une extension de la théorie de cercle-point-centre-
point cycloldaux de Burmester. Cette &tude présente la formulation mathématique du pro-
cessus de synthése.

Un programme structuré d'ordinateur employant le FORTRAN a &té développé sur
1'ordinateur VAX 11/780 pour impl&menter le processus de synth&se. Le programme est ca-
pable de pré&senter les résultats graphiquement. Des résultats typigues sont donnés.
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