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Two-Sided Generalized Topp and Leone (TS-GTL) distributions

Donatella Vicari , Johan Rene van Dorp  and Samuel Kotz1 2 3

Abstract  Over 50 years ago in a 1955 issue of JASA a paper on a bounded continuous

distribution by  Topp and Leone (1955) has appeared. (The subject was subsequently dormant for

over 40 years but recently the family was resurrected.) Here we shall investigate the so-called Two-

Sided Generalized Topp and Leone (TS-GTL) distributions. This family of distributions is

constructed by extending the Generalized Two-Sided Power (GTSP) family to a new two-sided

framework of distributions, where the first (second) branch arises from the distribution of the

largest (smallest) order statistic. The TS-GTL distribution is generated from this framework by

sampling from a slope (reflected slope) distribution for the first (second) branch. The resulting five-

parameter TS-GTL family of distributions turns out to be flexible, encompassing the uniform,

triangular, GTSP and two-sided slope distributions into a single family. In addition, the pdf's may be

having bimodal shapes or admitting shapes with a jump discontinuity at the "threshold" parameter.

We discuss some properties of the TS-GTL family and describe a maximum likelihood estimation

procedure. A numerical example of the MLE procedure is provided by means of a bimodal Galaxy

M87 data set concerning V-I color indices of 80 globular clusters. A comparison with a Gaussian

mixture fit is presented.
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1. Introduction

In 1919, E. Pairman and K. Pearson investigated continuous distributions on a limited range,

including a particular estimation of their moments. Nevertheless, even in the late nineties of the 20th

century relatively few probabilistic models of this kind were presented in the literature. Amongst

them, the uniform, triangular and beta distributions are the most widely explored and applied,

interspersed by some "curious" distributions (posed occasionally as problems or exercises). Other

bounded continuous distributions were based on mathematical transformations of the normal

distribution (possessing an unbounded domain) - the most wide-spread amongst them being the

Johnson family of transformations introduced in 1949. The multitude of existing WF unbounded

continuous distributions developed during the 20th century contrasts with the relative scarcity of the

bounded distributions.

This state of affairs motivated  to study other constructs for familiesVan Dorp and Kotz (2003a)

of distributions with bounded support. Initially, Van Dorp and Kotz (2003a) deal with the following

family of two sided distributions

T<Ð\ Ÿ Bl ß J Ð † Ñ× œ
JÐ Ñ !  B 

"  Ð"  ÑJ Ð Ñ Ÿ B  "
)

) )

) )œ B

"B
"

)

)

, for ,
, for ,

Ð"Ñ

where JÐ † Ñ Ò!ß "Ó is a cumulative distribution function (cdf) with bounded support  withgenerating 

the following condition  on its pdf to ensure continuity of the pdf of at the threshold0Ð"Ñ œ " Ð"Ñ

parameter . Next, they also present in Kotz and Van Dorp (2004a) the following family of)
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and parameter values 1 allow for discontinuity of its pdf at the threshold parameter  # )Á Þ The

parameters  and  are evidently the . N7 8 power parameters ote that, the families  and  are quiteÐ"Ñ Ð#Ñ

distinct in the sense that the left and right branch in  utilize the same generating cdf butÐ"Ñ J Ð † Ñ 

does not allow for different power parameters and  appearing in the left and right branch of .7 8 Ð#Ñ

Other related contributions appearing prior to this paper have been summarized in the monograph

by Kotz and Van Dorp (2004b) and the paper at hand should be viewed as a continuation of that

work.

Specifically, we shall construct a novel single framework of families of distributions from Ð"Ñ

and  separate families presented in Kotz and Van Dorp (2004b).Ð#Ñ that combines previously 

Amongst these families are 1) Two-Sided Power Distributions (see also, Van Dorp and Kotz, 2002)

2) Two-Sided Slope Distributions and  3) Topp and Leone Distributions. All these three families

share the uniform distribution and the right and left triangular distributions. Our starting point here

is the three-parameter Generalized Two-Sided Power (GTSP) family of distributions (Kotz and Van

Dorp, 2004a) obtained by substituting  in C# œ " Ð#ÑÞ ertain generalizations below yield Two-Sided

Generalized  Topp and Leone (TS-GTL) distributions. This family constitutes a larger class of

distribution families in the sense that it combines the previously available constructs in a single

family, in particular allowing for bimodal forms of its pdf not covered in Kotz and van Dorp

(2004b).

The remainder of this paper is organized as follows. In Section 2, we present our novel

framework for two-sided distributions derived from  and . In Section 3, we utilize thisÐ"Ñ Ð#Ñ

framework to construct the TS-GTL distributions and present a variety of different shapes which

can be taken by the pdf's of this new family. In Section 4, the moments are discussed. A maximum

likelihood procedure for the TS-GTL distribution is derived in Section 5. Finally, we provide a

numerical example of the MLE procedure applied to a recently acquired bimodal data set and

compare the result with a Gaussian mixture fit.
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2. A novel framework for two-sided distributions

The function /  [function in the first [second] branch of  is the cdfB "  ÐB Ð#Ñ)  Ñ Ð  Ñ) )/ 1 ] 

[reliability function] of a uniform random variable on on ( ]Ð!ß Ñ Ò ß "Ñ) ) Þ  This results in the following

generalization of using continuous cdf's and with the support (whileÐ#Ñ KÐ † Ñ LÐ † Ñ Ò!ß "Ó

simultaneously substituting  in ):# œ " Ð#Ñ
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The pdf corresponding to the cdf  is thusÐ$Ñ

0 ÐCl Ñ œ Ð%Ñ
78

Ð"  Ñ7 8

1 K ß  C 

2 " L ß Ÿ C 

!ß ß

]

C C
7"

C C
 

8"@
) )

)

)~

for 0 ,

for 1,
elsewhere

ÚÝÝÝÛÝÝÝÜ

ˆ ‰ ˆ ‰š ›
ˆ ‰ ˆ ‰š ›
) )

) )
) )1 1

(where and  are the pdf's of the cdf's and , respectively). While the cdf  is1Ð † Ñ 2Ð † Ñ KÐ † Ñ LÐ † Ñ Ð$Ñ

continuous at  with value)

:Ð Ñ œ@~ , )8 Ö/ Ð"  Ñ7 8×) ) Ð&Ñ

it follows from thatÐ%Ñ

0 Ð l Ñ  0 Ð l Ñ œ 2 !  1 " Ð'Ñ] ]
 ) @ ) @~ ~ ,ˆ ‰ ˆ ‰

and hence it is not necessarily continuous at . Moreover  if and~ ~) ) @ ) @ß 0 Ð l Ñ  ! Ò0 Ð l Ñ  !Ó] ]
 

only if  [  When the cdf's  and  coincide, the density ~1Ð"Ñ  ! 2Ð!Ñ  !ÓÞ KÐ † Ñ LÐ † Ñ 0 ÐCl Ñ] @

becomes continuous at  and strictly positive at  if and only if both . Substituting) ) 1 " œ 2Ð!Ñ  !ˆ ‰
# œ " Ð"Ñ KÐ † Ñ LÐ † Ñ Ò!ß "Ó Ð$Ñ Ð%Ñ in  and setting and  to be the uniform cdf's on , expressions  and 

are reduced to  and to the density of a GTSP random variable given by Ð"Ñ Kotz and Van Dorp,

2004a.
The new pdf  also has the following alternative  representation:Ð%Ñ mixture
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where the mixture probability is ~:Ð Ñ@ œ )8 Ö/ Ð"  Ñ7 8× 7) ) , or an integer , the as above. F

first term in  is easily recognized as the  order statistic distribution of a sample of size Ð'Ñ 7largest

from the rescaled distribution with the support  For an integer , the second member isKÐ † Ñ Ò!ß ÓÞ 8)

seen to be the  order statistic distribution of a sample of size  from the rescaled distributionsmallest 8

LÐ † Ñ Ò ß "ÓÞwith support  This explains the designation of the parameter  as the threshold. For) )

non-integer , they could be interpreted as . (8ß7  ! virtual sample sizes The notion of a non-integer

virtual sample size corresponds to the notion of a non-integer prior sample size introduced by

Ferguson in (1973).)

Jones (2004) recently investigated generalizations of the distribution of order statistics of the

form

ÖFÐ+ß ,Ñ× 0ÐBÑJ ÐBÑÖ"  JÐBÑ× Ð)Ñ" +" ,",

where as usual ,  is a particular cdf and  are notFÐ+ß ,Ñ œ Ð+  ,ÑÎ Ð+Ñ Ð,Ñ J Ð † Ñ +ß ,  !> > >

necessarily integers. Jones' (2004) generalizations are not restricted to distributions  with aJÐ † Ñ

bounded support, but both members in the mixture  belong to his class of distributions. TheÐ(Ñ

generalization  of  may thus be viewed along the lines of the Jones' (2004) approach.  Ð(Ñ Ð"Ñ While

Jones' (2004) pdf's may viewed as generalizations of beta distributions, distributions  andÐ)Ñ Ð(Ñ

those in Kotz and van Dorp (2004b) were generated in a sequel for  to the betaalternatives

distribution. Hence, expression  provides a natural link between both the approaches.Ð(Ñ

Introducing the notation  to indicate the th quantile of the cdf  we obtain from  theC ; Ð$Ñ Ð$Ñ;

following quantile function (or inverse cdf):
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where :Ð Ñ@~ and  have quantile functions that is given by . Hence, provided the cdf's Ð&Ñ KÐ † Ñ LÐ † Ñ

can be expressed using only elementary functions, the cdf  will have a quantile function with theÐ$Ñ

same property.

3. PDF and CDF of TS-GTL distributions

We shall now provide an example of the density construction  above by letting  Ð%Ñ KÐ † Ñ ÒLÐ † ÑÓ

to be a slope [reflected slope] distribution on  given by:Ò!ß "Ó

œKÐBl Ñ œ B  Ð  "ÑB ß
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Setting  and  in , we arrive at the density of a Two-Sided Topp and Leone8 œ 7 œ œ # Ð"#Ñα "

distribution. Originally Topp and Leone (1955) had introduced their distribution with specific

reliability applications in mind. The Topp and Leone work was used by Nadarajah and Kotz (2003)

and the TL distribution was generalized by Kotz and Van Dorp (2004b), p. 198. We shall  refer to
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the distribution defined in and  as the  (TS-GTL)Ð"#Ñ Ð"$Ñ Two-Sided Generalized Topp and Leone

distribution.

Figure 1 plots some examples of the density , using , for different value settings of theÐ%Ñ Ð"!Ñ

parameters , , ,  and . Figures 1A, B and C plot the uniform, a triangular and GTSP7 8 ) α "

distributions all with the common values . Indeed, for  distributions α " α "œ "ß œ " œ "ß œ " Ð"!Ñ

reduce to a uniform distribution and hence the density  reduces to the GTSP density  ofÐ""Ñ Ð"Ñ

which the distributions depicted in Figures 1A, B and C are members. Figure 1D (7 œ "ß 8 œ "Ñ

plots a two-sided slope distribution (see, e.g.,  Kotz and Van Dorp (2004a)), which also reduces to a

triangular distribution by setting ). Figure 1E plots a continuous bimodal density withα "œ œ !

α "œ . Amongst the shapes in Figure 1, the bimodal one in Figure 1E is a new addition to the

distributional forms presented in Kotz and Van Dorp (2004b). The pdf  assumes this formÐ""Ñ

when   with the two modes atα "ß − Ð"ß #Óß 8ß7  "

ÚÝÝÛÝÝÜ
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Finally, Figure 1F plots a discontinuous density (since here  )  of the uneven two-α "Á reminiscent

sided power (UTSP) densities. The UTSP distributions were derived in Kotz and Van Dorp (2004a)

distributions of a generalized trapezoidal distribution discussed in Van Dorp and Kotz (2003b).

Since the distributions in Figures 1D, E and F are not members of the family of distributions given

by , the structure of the density  (combined with the cdf's ) constitutes a single frameworkÐ"Ñ Ð%Ñ Ð"!Ñ

for the families of distributions that were previously dispersed amongst several related but separate

classes.

We obtain from  the following quantile functions for the cdf's Ð"!Ñ KÐ † l Ñß LÐ † l Ñßα "
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Figure 1. Examples of Two Sided - Generalized  Topp and Leone (TS-GTL) distributions.
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where  is a quantile level. Hence, the combination of expressions ,  and  allow; − Ò!ß "Ó Ð"&Ñ Ð"'Ñ Ð*Ñ

for a direct evaluation of the quantiles of the cdf .  and  it follows thatC Ð"$Ñ Ð"&Ñß Ð"'Ñ Ð*Ñ; Utilizing 

sampling from distributions Ð"$Ñ using the inverse cdf technique and a pseudo-random number

generator that samples these quantile levels  (see, e.g., Banks  2005) is straighforward and; et al.

computationally efficient as well.

4. Moments

In this section we shall describe a procedure to calculate IÒ] l5 @~ß ß Ó Ð"!Ñα " for the density , via the

mixture structure . Let  be a random variable with density function Ð(Ñ \ Ò\ Ó 71 B K B" #

7"ˆ ‰ ˆ ‰š ›
’ š › “ˆ ‰ ˆ ‰82 B L B K L Ð"!Ñ Ð(Ñ À

7"

 where  and  are as defined by . From  we have

IÒ] l l l ß5 @
@ @

~
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:Ð Ñ Ö"  :Ð Ñ×
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) )
5 5
" #’ “"

Hence in the expression  is a Reflected ] Generalized Topp and Leone distributionÐ"(Ñ \ Ò\ Ó Ò" #

with the support (see Kotz and Van Dorp (2004a), p. 198). Alternatively,  ] is the largestÒ!ß "Ó \ Ò\" #

[smallest] order statistic of a random sample from a [reflected] slope distribution with parameter α

[ ] of virtual sample size  [ ] (since   [ 0 ] is not necessarily integer)." 7 8 7  ! 8 

Jones (2004) (amongst others) notes that derivation of closed form expressions for the moments

of an order statistic distribution could be somewhat complicated on a case by case basis. The

moments of  and  are no exception. Nadarajah and Kotz (2003) in a short paper derived the\ \" #

moment expressions for for the case for . These results were further generalized by Kotz\ œ #" α
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and Van Dorp (2004a), to derive  for the cumulative moments4 reflected generalized Topp and Leone

distributions for 2  for ! Ÿ Ÿ \ À" #

Q œ B Ð"  LÐBl ß 8ÑÑ.B Ð")Ñ5
!
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for 2! Ÿ Ÿ" Þ The moments are connected with the cumulative moments . "w 5
5 # 5œ IÒ\ l ß 8Ó Q ß

5 œ "ßá ß % À, via the well known relationship

.
w

5 5"œ 5Q ß 5 œ "ß #ß $ßá Ð"*Ñ

(see, e.g., Stuart and Ord ). Ð"**%Ñ For , the cumulative moments can further be expressed" − Ð"ß #Ó

utilizing the incomplete beta function FÐ +ß ,Ñ œ : Ð"  :Ñ .: ÀB Ð+ß ,Ñ | " '
!
B +" ,"

Q œ Ð  "Ñ Ð#!Ñ
5
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where as above  > > >Ð+ß ,Ñ œ Ð+Ñ Ð,ÑÎ Ð+  ,Ñ Q ß 5 œ "ß #ß $. Explicit recursive relations for , can5

be easily derived from . Ð#!Ñ Numerical routines for evaluating the incomplete beta function are well

known from Pearson's investigations in early 20th century and are provided in standard PC software

such as e.g. Microsoft Excel. Unfortunately, for  the expression  cannot be further" − Ð!ß "Ñ Ð"%Ñ

simplified and one has to resort to numerical integration. Noting that the pdf of  is a generalized\"

Topp and Leone distribution and that of  is a  one  we have in turn the following\ ß# reflected

relationship:

IÒ\ l ß7Ó œ IÒÐ"  \ Ñ l ß 8Ó œ Ð  "Ñ IÒ\ l ß7Ó Ð#"Ñ
5

3
5 5 5 3

#
œ ß8œ7

3œ!

5

#1 α " α¹ �Œ 
" α

.

Summarizing, the mean, variance, skewness and kurtosis can straightforwardly be evaluated by

means of an algorithm that utilizes expressions  and  for Ð"*Ñß Ð#!Ñ Ð#"Ñ ßα " − Ð"ß #ÓÞ For example,

4Kotz and Van Dorp (2004a) considered cumulative moments since they were studying theQ œ B Ð"  JÐBÑÑ.B5 !

" 5'
reflected generalized TL distributions (unlike Nadarajah and Kotz (2003) who were dealing with the moments of TL
distributions).
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a  and  we arrive at the following expressionpplying the procedure above for  αß " − Ð"ß #Ó 5 œ " for

the mean of  with pdf :] Ð"#Ñ
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For , the moments of α "œ œ Ö!ß "× IÒ\ l ß7Ó IÒ\ l ß 8Ó5 5
#1 α "and  are reduced to those of a power

and reflected power distributions which are available in a closed form (see, e.g., Kotz and Van Dorp

(2004a)). For  and α " α "ß IÒ\ l ß7Ó IÒ\ l ß 8Ó− Ð!ß "Ñ evaluations of cumulative moments 5 5
" #

require numerical integrations techniques employing .Ð")Ñ

5. Maximum Likelihood Procedure

For a random sample from the distribution , the loglikelihood\ œ Ð\ ßá ß\ Ñ =" = of size  Ð"#Ñ

function is, by definition,

P91Ö =P91Ö × 

P91Ö1Ð l Ñ ×  Ð7 "Ñ P91ÖKÐ l Ñ× 
\ \

P91Ö2Ð Ñ×  Ð8  "Ñ P91
\

PÐ ß Ñ× œ\ @
) )

)

)
"

~

1

ß ßα "
78

Ð"  Ñ7 8




l "  L

� �
� � š
3œ" 3œ"

< <
Ð3Ñ Ð3Ñ

3œ<" 3œ<"

= =
Ð3Ñ

) )
α α

ˆ ‰\Ð3Ñ 


l
)

)
"

1
›,

Ð#$Ñ

where ) ) ) ) are defined by  and 1Ð † l ß KÐ † l ß 2Ð † l ßLÐ † l Ð"!Ñ Ð""Ñßα α α α \  \  á  \Ð"Ñ Ð#Ñ Ð=Ñ

are the order statistics of  is a positive integer such that\,  and <

 .\ Ÿ  \ Ð#%ÑÐ<Ñ Ð< Ñ) +1

By convention  We propose the following algorithm to maximize\ œ ∞ß \ œ ∞ÞÐ Ñ Ð="Ñ0

the loglikelihood   and to determine the ML estimates of the parametersP91ÖPÐ ß Ñ×\ @~ß ßα " Ð#$Ñ

7ß 8ß 7 ß 8 ßα " ) α " ), and  using a feasible starting point , and :‡ ‡ ‡ ‡ ‡

The th iteration:5

Step 0:  Set 5 œ "ß œ ß œ ß 7 œ 7 ß8 œ 8 ß œ Þα α " " ) )1 1
‡ ‡ ‡ ‡ ‡

" "
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Step 1:  Determine by maximizing over 7 P91ÖPÐ ß ß Ñ× 7Þ5" 5 5 5\l7ß 8 ß5 α " )

Step 2:  Determine by maximizing over 8 P91ÖPÐ 7 ß ß Ñ× 8Þ5" 5" 5 5 5\l ß 8ßα " )

Step 3:  Determine by maximizing over α α " ) α5" 5" 5" 5 5P91ÖPÐ 7 8 ß ß Ñ× Þ\l ß ß

Step 4:  Determine by maximizing  over " α " ) "5" 5" 5" 5" 5P91ÖPÐ 7 8 ß ß Ñ× Þ\l ß ß

Step 5:  Determine by maximizing  over ) α " ) )5" 5" 5" 5" 5"P91ÖPÐ 7 8 ß ß Ñ× Þ\l ß ß

Step 6:  If lP91ÖPÐ ß ß Ñ×  P91ÖPÐ ß ß Ñ×l \ \l7 ß 8 ß l7 ß 8 ß5" 5" 5 5α " ) α " ) %5" 5" 5" 5 5 5

  WXST

 Else  and Goto Step 1.5 œ 5  "

To obtain an initial starting solution , and  in Step  one could, for example, select7 ß8 ß !‡ ‡ ‡ ‡ ‡α " )

7 ß8 ß‡ ‡ ‡ ‡ ‡α " ), and  visually to match a plot of a TS-GTL pdf to that of an empirical pdf or more

directly use least squares estimates for , and .  As usual,  in Step  may be chosen7 ß8 ß '‡ ‡ ‡ ‡ ‡α " ) %

arbitrarily small.

Setting the partial derivatives of  with respect to left branch power parameter  equal to ,Ð#$Ñ 7 !

we obtain the following MLE for  at Step 1:75"

7Ð ß 8Ñ œ  "  "   !s
" 8 %=Ð"  Ñ

# "  8
)

) )

) )
š ›Ê ^ )Ð ß 8Ñ , Ð#&Ñ

where

^ ) α
)

Ð ß 8Ñ œ  P91ÖKÐ l Ñ×  ! Ð#'Ñ
\– —�

3œ"

<
Ð3Ñ

"

.

Hence, the MLE 7Ð ß 8Ñ Ð#$Ñ 7ßs )  maximizes the log-likelihood profile of as a function of  keeping

the remainder of the parameters in  fixed. Analogously, we obtain for the right branch powerÐ#$Ñ

parameter  at Step 2 of the algorithm above:85"

8 Ð#(ÑsÐ ß7Ñ œ  "  "   !
" Ð"  Ñ7 %=

# 7Ð"  Ñ
)

) )

) )
œ Ë m )Ð ß7Ñ ,

where
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m )Ð ß 8Ñ œ  P91  ! Ð#)Ñ
\– —� š ›

3œ<"

=
Ð3Ñ

"

"  L l



ˆ ‰)

)
"

1
.

Both expressions and  depend on the form of the cdf 's  and  only via theÐ#&Ñ Ð#(Ñ KÐ † Ñ LÐ † Ñ

expressions  and  and thus also apply to the general structure of the pdf .Ð#'Ñ Ð#)Ñ Ð%Ñ

Determination of the ML estimates of the log-likelihood profile of  as a function of , orÐ#$Ñ α "

) α turns out to be more challenging. Setting the partial derivative of  with respect to  equal toÐ#$Ñ

zero requires solving the following equation for :α − Ò!ß #Ó

�
3œ"

<

3 3 3Ò  Ð ÑÓ Ð Ñ œ !# ' α 0 α , Ð#*Ñ

where

# )

0 α α )

' α ) α) α

3 Ð3Ñ

3 Ð3Ñ Ð3Ñ
"

3 Ð3Ñ Ð3Ñ

œ 7Ð \ Ñ  !ß

Ð Ñ œ Ò Ð  \ Ñ \ Ó  !ß

Ð Ñ œ \ ÎÒ  #Ð  "Ñ\ Ó  !ß

 Ð$!Ñ

for  (where as above  A similar equation may be3 œ "ßá ß < Þ< is a positive integer defined by )Ð#%Ñ

derived for the log-likelihood profile of  as a function of . Figure 2A plots a log-likelihoodÐ#$Ñ "

profile of  as a function of , which indicates that multiple solutions to equation  mayÐ#$Ñ Ð#*Ñα

possibly exist, whereas the global optimum over  is actually attained at . Figure 2Bα α− Ò!ß #Ó œ !

plots a log-likelihood profile of  as a function of , which shows  a global optimum at theÐ#$Ñ Ð3Ñ)

lower bound of the range , ( ) a discontinuous behavior of the log-likelihood as a function) − Ò!ß "Ó 33

of  over , but continuous over each interval  (where  is the sample) Ò!ß "Ó Ò\ ß\ Óß 3 œ !ßá ß = =Ð3Ñ Ð3"Ñ

size) and  the existence of stationary points within the interval .Ð333Ñ Ò\ ß\ ÓÐ3Ñ Ð3"Ñ

Given the structure of the log-likelihood profiles as a function of  or , it would seemα " )ß

reasonable to take advantage of the boundedness of and  and globallyα " )ß − Ò!ß #Ó − Ò!ß "Ó

optimize over these intervals by discretizing at a desirable level of accuracy  and to evaluate the log-$

likelihood at all discretized points. In the case of , and given the behavior of  in e.g. Figure 2B) Ð#$Ñ

at the order statistics , we recommend to include in this optimization procedure also the\Ð3Ñ
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evaluation of the log-likelihood  at the order statistics . (Recall that in the special case thatÐ#$Ñ \Ð3Ñ

Ð#$Ñ reduces to a log-likelihood of a TSP distribution, Kotz and Van Dorp (2004a, p. 80) have

shown that the MLE  is attained at one of the order statistics , provided ))s \ ß 3 œ "ß á ß = 8  "ÞÐ3Ñ

While the above optimization procedure for the log-likelihood profiles as a function of  or  isα " )ß

not particularly elegant, it certainly is practical given current available computational facilities. An

EXCEL spreadsheet program with an implementation of the algorithm above is available from the

authors upon request.
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Figure 2. Examples of log-likelihood profiles as a function of  (Fig. A) and as a function of  (Fig. B).α )

The algorithm above can be easily modified to a ML algorithm for sub-classes in the TS-GTL

family. For example, omitting Steps 1, 2 and  and setting  results in a ML% 7 œ 8 œ "ß œ" α

algorithm for the TS-Slope distributions. Setting ,  and removing Steps  and , weα "œ " œ " $ %

obtain an ML algorithm for GTSP distributions. Next, by setting  and removing Step 27 œ 8

( and removing Steps 1 and ) it reduces to an algorithm for the TSP (triangular)7 œ 8 œ # #

distribution. Finally, eliminating just Step 4, while guaranteeing  leads to an ML algorithm for" αœ

continuous TS-GTL distributions. Various versions of the ML algorithm will be used in the example

presented in the next section.
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6. An Illustrative Example

The classical data in this example reaches the high points of our gigantic Universe and involves

the  indices of 80 globular clusters in the Galaxy M87.  Galaxy M87, also called Virgo A,ÐZ  MÑ

was discovered by Charles Messier, a French astronomer, in 1781 (see, e.g., . NotePhilbert (2000))

that we are dealing here with data listed in Harris (2003) that originated outside the Galaxy

containing our solar system. "Globular clusters are nearly sphericalDavis and Brodie (2006) explain: 

groups of about 10,000 to 1 million stars. The color of a globular cluster gives clues about the

cluster's composition (what kinds of elements and stars are in the cluster) and the cluster's age. ... Z

and  are different filters through which we can look at objects in the sky. Looking through a M Z

filter is like looking through a yellow pair of glasses and looking through an  filter is like lookingM

through infrared glasses (our eyes can't see infrared, but telescopes can)." Hence, a  index isÐZ  MÑ

a color measurement index. The smallest (largest)  index in the data set equals ÐZ  MÑ !Þ('(

( , hence we translate the data  unit to the left resulting in order statistics "Þ#*$Ñ \ œ !Þ#'(ß"
# Ð"Ñ

\ œ !Þ(*$ Ò!ß "ÓÐ)!Ñ  to obtain a data set within .  (Recall that TS-GTL distributions have support

Ò!ß "Ó). We next, fit TS-GTL distribution to the translated data set using the ML algorithm described

in the previous section. To obtain distributions for the original data set one simple shifts the

distribution  unit to the right."
#

Table 1 provides the ML estimates for the various distributions that were fitted, all members of

the TS-GTL family of distributions. Those entries in Table 1 indicated with  were fixed in the ML‡

algorithm to ensure that a member within a particular sub-class of the TS-GTL was fitted. For

example, in the first row only  is a free variable, resulting in the ML fit of the triangular)

distribution. Note that the ML fit of the TSS distribution actually coincides with the triangular one

in the first row. Indeed for both parameter settings,  and7 œ 8 œ #ß œ œ "α "

7 œ 8 œ "ß œ œ ! Ð"#Ñα " , the pdf  reduces to a triangular pdf.

Figure 3 provides QQ-plots for the ML fitted triangular, GTSP, TS-GTL (continuous)ß œα "

in , and TS-GTL (discontinuous) in , distributions in Table 1. The distributions inÐ"#Ñ ß Á Ð"#Ñα "

the first and second row of Table 1 are identical, whereas the QQ-plot for the TSP and the GTSP is
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quite similar with only a slight improvement for the GTSP distribution over the TSP distribution.

From the QQ-plots we observe a better fit of the GTSP distribution over the triangular one, but

neither seem to perform particularly well. The QQ-plots of the TS-GTL (continuous) and TS-GTL

(discontinuous), however, align quite well with the  line. It thus appears from the QQ-plotsB œ C

that both the TS-GTL (continuous) and TS-GTL (discontinuous) are "reasonable" eyeball fits for

the data under consideration.

Table 1. ML parameter estimates of fitted distributions to the Galaxy M87 (Virgo A) data. Those

parameters indicated with  are fixed or of the same value as another parameter‡

(e.g.  in the first row).8 œ 7 œ #ß œ œ "α "

7 8

# # !Þ'#' " "
" " !Þ'#' ! !
$Þ%*' $Þ%*' !Þ'#' " "
$Þ#)) $Þ*)( !Þ'$

) α "

Triangular
TS - Slope (TSS)
TS - Power (TSP)
Gen. TS - Power (GTSP)

‡ ‡ ‡ ‡

‡ ‡ ‡

‡ ‡ ‡

& " "
"#Þ)%$ )Þ*() !Þ&%* "Þ*%) "Þ*%)
""Þ(#% )Þ#%* !Þ&)# #Þ! "Þ(&)

‡ ‡

‡TS - GTL (Cont.)
TS - GTL (Discont.)

Figure 4 displays an empirical kernel density of the translated Galaxy M87  index colorÐZ  MÑ

data. The empirical density was generated using the Bartlett-Epanechikov kernel (e.g., Izenman,

1991) combined with the over-smoothed bandwidth (e.g., Sheather, 2004). We observe that our data

set seems to be bimodal which may explain why the QQ-plots of the triangular and GTSP

distributions in Figure 3 are inappropriate. From Figure 4C we observe that the TS-GTL

(continuous) distribution captures both the mode locations and the anti-mode location of the

empirical density. Note that it overestimates (underestimates) the peak of the right (left) mode, as if

having difficulties to capture the width (narrowness) of the right (left) part of the empirical density.

Similar observations can be drawn for the TS-GTL (discontinuous) from Figure 4D, but adding a

degree of freedom (allowing for a discontinuity at the anti-mode) seems to result in a less favorable

fit than the one in Figure 4C.
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Figure 3. QQ-plots of four ML fitted distributions in Table 1 to Galaxy M87 (Virgo A) data:

A: triangular; B: GTSP; C: TS-GTL (Continuous); D: TS-GTL (Discontinuous).
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Figure 4. Empirical PDF and PDF's of four ML fitted distributions in Table 1 to Galaxy M87 (Virgo A)

data: A: triangular; B: GTSP; C: TS-GTL (Continuous); D: TS-GTL (Discontinuous).
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To obtain a deeper appreciation of the data, we have decided also to fit a Gaussian mixture

model with two components

19 . 5 1 9 . 5ÐBl ß Ñ  Ð"  Ñ ÐBl ß Ñ Ð$"Ñ" " # #

using an Expectation Conditional Maximization (ECM) algorithm (Meng and Rubin (1993)), where

9 . 5 1 1Ð † l ß Ñ " 3 3  are Gaussian pdf's and  and are the mixture weights. The ECM algorithm also

provides a maximum likelihood estimation. Figure 5 plots the ML fitted Gaussian mixture pdf and

the QQ plot with the MLE's:

1 . 5 . 5s s sœ !Þ&!!ß œ !Þ%$(ß œ !Þ!("ß œ !Þ'(#ß œ !Þ!(!Þ Ð$#Ñs s" #" #

Comparing Figures 5A, 4C and 4D we observe a similar behavior, namely that the Gaussian mixture

fit underestimates (overestimates) the pdf value at the first (second) mode. On the other hand, the

Gaussian mixture captures better the value of the empirical pdf at the anti-mode than the fitted pdf's

in Figures 4C and 4D. This perhaps partially explains the situation that the QQ-plot 5B seems to be

more accurate at the center than the QQ-plots in Figures 3C and 3D. (It is of course a personal

judgment in each case whether the center or tails are more important.)

The results in the QQ-plots in Figures 3 and 5 and our conjectures from the comparison of

Figures 4C, 4D and 5 are now tested by a formal fit-analysis presented in Table 2. The Chi-square

statistic in Table 2 is calculated utilizing  bins as suggested by Banks et al. 2001 . The boundaries"! Ð Ñ

of the bins are selected such that the number of observations , , in each bin  is equalS 3 œ "ßá ß "& 33

to  or  totaling  data points. Such a boundary selection procedure partitions the support of(ß ) *ß )!

the range of observed data along the lines of the "equal probability method of constructing classes"

(e.g., Stuart and Ord, 1994). The TS-GTL (continuous) distribution results in the largest -:

value ) of the Chi-square test of the goodness of fit. The TS-GTL (discontinuous) provides theÐ!Þ$#

second largest ( ) and the Gaussian mixture pdf gives the third largest , only insignificantly!Þ"' Ð!Þ"$

smaller than the TS-GTL(discontinuous) case . The other distributions yield negligible -values (wayÑ :

below ). Table  also contains the BIC-criterion [AIC-criterion] indicating a better [worse] fit!Þ!" #

for the TS-GTL (continuous) as compared to the TS-GTL(discontinuous) distribution.
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Figure 5. A: Empirical PDF and ML fitted Gaussian mixture PDF to Galaxy M87 (Virgo A) data

B: QQ-plots of ML fitted Gaussian mixture PDF with MLE's given in .Ð$#Ñ

Table 2. Fit analysis of  ML fitted distributions to Galaxy M87 (Virgo A) data.

triangular TSP GTSP TS - GTL (Cont.) TS - GTL (Dis.) Gaussian mixture
Bin LBi UBi Oi (Oi-Ei)

2/Ei (Oi-Ei)
2/Ei (Oi-Ei)

2/Ei (Oi-Ei)
2/Ei (Oi-Ei)

2/Ei (Oi-Ei)
2/Ei

1 0.000 0.383 8 6.13 0.10 0.47 0.14 0.13 0.10
2 0.383 0.425 8 3.10 4.19 3.53 0.05 0.12 0.02
3 0.425 0.455 8 6.35 5.87 5.32 0.55 0.66 0.25
4 0.455 0.478 8 10.09 7.82 7.37 2.36 2.28 2.16
5 0.478 0.556 8 0.52 2.29 2.32 0.33 1.19 0.92
6 0.556 0.613 9 0.03 1.47 1.32 0.01 0.28 0.27
7 0.613 0.638 7 2.36 0.01 0.01 0.18 0.10 1.13
8 0.638 0.674 8 1.38 0.00 0.05 0.10 0.08 0.00
9 0.674 0.740 8 0.01 0.45 0.37 1.75 1.46 1.94

10 0.740 1.000 8 2.91 0.02 0.22 0.38 0.33 0.24
Chi-square statistic 32.87 22.23 20.99 5.86 6.64 7.02
Parameters 1 2 3 4 5 5
Degrees of freedom 8 7 6 5 4 4
p-value 6.5E-05 2.3E-03 1.8E-03 0.32 0.16 0.13
AIC - criterion -63.14 -82.04 -80.91 -98.00 -98.59 -94.38
BIC - criterion -60.76 -77.28 -73.77 -88.48 -86.68 -82.47

The Gaussian mixture pdf is slightly outperformed by the TS-GTL (continuous) and the TS-

GTL(discontinuous) pdf's in both the AIC and BIC-criterions. Finally, we have a -value of : !Þ"!(

for the likelihood-ratio test with 1 d.f. for the  TS-GTL (discontinuous) distribution within thenested
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TS-GTL (discontinuous) distribution. Thus, the overall fit analysis convincingly suggests that the TS-

GTL (continuous) results in the best fit amongst the six distributions tested in Table 2.

It may be interesting to note that the threshold parameter  of the pdf  allows for a  -1) Ð(Ñ !direct

classification of each data point to either one of its mixing subpopulations, while in the case of the

Gaussian mixtures , the above mentioned ECM algorithm yields estimated probabilities of aÐ$"Ñ  

data point belonging to each mixing subpopulation, allowing for an  -1 classification of dataindirect !

points.
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