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Abstract—As the VLSI technology makes large crossbar switches affordable, Clos networks have become
a feasibie option of large interconnection networks. However, to make these networks practical and useful,
efficient routing algorithms need to be developed. This paper will develop and study several randomized
routing algorithms for Clos networks. The algorithms are based on the idea that if the first column of
Clos is set to some configuration somehow, then the resulting network becomes self-routed using the
destination addresses. Each of the randomized algorithms sets the first column to a configuration selected
by a random process. The algorithms are then self-routed and take no computation time to set the
switches. Probabilistic analysis and simulation measurements of the communication delay of permutation
routing are conducted. It is shown that the communication delay of any permutation is 3-6 cycles in
networks of up to 1024 processors. Although other routing algorithms route arbitrary permutations in
one cycle over Clos/Benes networks and 2 cycles over & networks, these algorithms take prohibitively large
times to compute the appropriate switch settings, while our randomized algorithms are self-routed and
spend NO time on computing the switch settings. This makes our algorithms superior to any universal
nonrandomized routing algorithm for Clos/Benes networks or & networks. The speed, universality and
ease of implementation of our randomized algorithms make Clos networks highly attractive for large
parallel computer systems.

Key Words: Clos networks, communication delay, performance analysis, permutations, randomized
self-routing.

1. INTRODUCTION

Clos networks [1] and Benes networks [2] are the best known universal multistage interconnection
networks. These two networks enjoy several advantages over banyan multistage interconnection
networks [3] (e.g. the Omega network [4], the indirect binary n-cube [5], and the baseline network
[6]) and graph interconnection networks (e.g. meshes and hypercubes). They are superior to banyan
multistage interconnection networks in universality (i.e. ability to route all permutations) as well
as potential for fault tolerance due to the multiplicity of paths between source—destination pairs.
They are also superior to graph interconnection networks in two respects. First, they require their
processors to have only one input port and one output port. This requirement is less than what
is needed in most graph interconnection networks except linear arrays and rings which are of
limited use. Second, with efficient Clos/Benes routing algorithms, the problem of task-to-processor
assignment is straightforward in Clos and Benes but is very costly in graph interconnection
networks if low communication overhead is to be achieved.

Up against these advantages Clos networks and, to a lesser extent, Benes networks have had
(until recently) the disadvantage of higher hardware cost and slower routing speed. If the hardware
cost is measured by the number of 2 x 2 switching elements as was the case before the advent of
VLSI, a Clos network for an N-processor system costs O (N \/IT/ ) switching elements, while all the
other MINs cost O(N log N). As for routing, there are two general Clos routing algorithms, the
first by Opferman and Taso-Wu [7] and the second by Lev et al. [8]. The first takes O(N?) time
to determine the appropriate switch settings to realize a given permutation. The second algorithm
takes O(N log® N) time and can be reduced to O(N log N) if N is a power of 2. These algorithms
are very costly, even prohibitive for on-line routing, and certainly much slower than the self-routing
algorithms of banyan MINs. The situation has been partially improved by a fast self-routing
approach introduced lately by Youssef and Arden [9). The approach self-routes many interesting
classes of permutations such as the permutations required by FFT, bitonic sorting, multigrid
- computations and the permutations realizable by the Omega network, but the approach does not
apply to arbitrary permutations and has no fault-tolerance potential. The situation with Benes
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routing is similar. Fast Benes routing algorithms have been found for special classes of
permutations such as Lenfant’s frequently used permutations [10], Nassimi and Sahni’s bit-per-
mute-complement permutations [11], and Raghavandra and Boppana’s linear-complement permu-
tations [12]. But for arbitrary permutations, Benes routing takes a costly O(N log N) sequential
time [13]. Although two parallel routing algorithms for Benes have been developed where one takes
O(N) time [13] and the other O(log* N) time [14], they are not practical because the first is still
too costly and the second requires an unrealistic fully-connected (i.e. complete) network of N nodes
to run.

However, the recent advances of VLSI eliminate or greatly reduce the cost disadvantage of Clos
networks. With VLSI, the number of 2 x 2 switching elements has become a largely irrelevant
metric. Rather, the VLSI area is now the true measure of cost. By this measure, the costs of Clos
networks are comparable to those of other MINs. In other words, large crossbar switches can now
be built, making the synthesis of Clos networks affordable. IBM GF11! [15] is an example of a
Clos-interconnected machine which utilizes 24 x 24 switches.

This paper will largely eliminate the routing disadvantage of Clos networks by proposing
randomized self-routing algorithms and showing that they enable Clos networks to deliver a very
high routing performance. These algorithms are universal, that is, they route all permutations. They
are also self-routing (i.e. distributed) and, therefore, do not incur any computation time to
determine the switch settings. They are based on the idea that when routing a permutation on a
Clos network (which has 3 columns of switches), if the setting of the first column is determined
somehow, then the setting of the remaining two columns can be found locally by the switches
themselves using the destination addresses. In these routing algorithms, the setting of the first
column is determined randomly.

The performance of the randomized algorithms will be studied using probabilistic analysis and
simulation. Our probabilistic analysis will show that the algorithms route any permutation in 4-8
network cycles with overwhelmingly high probability. Note that a network cycle is the time period
needed to: (1) establish nonconflicting source—destination paths; and (2) deliver the corresponding
messages. The simulations confirm the theoretical results and exhibit even better performance in
practice: 3—6 cycles/permutation. Furthermore, the best algorithm among the ones developed will
be shown to deliver an almost deterministic delay of 4 cycles.

The paper is organized as follows. The next section will given an overview of Clos networks.
Section 3 will present three randomized routing algorithms. Section 4 will conduct probabilistic
analysis of the communication delay incurred in the algorithms. Section 5 will report the simulation
findings of the communication delay. Concluding remarks and future directions will be presented
in Section 6.

2. OVERVIEW OF CLOS NETWORKS

Let p and q be two positive integers and N = pq throughout. A Clos network C(p, ) has N input
terminals representing processors, N output terminals representing either memory modules or
processors, and three columns of switches (left, middle and right). Each of the left and right
columns has p crossbar switches of size ¢ x g. The middle column has g crossbar switches of size
p x p. The switches in the left and right columns are labeled 0,1,...,p — 1, and the switches in
the middle column are labeled 0, 1, . .., g — 1. The input ports and the output ports of every n x n
switch have local labels 0,1,...,n — 1 (n = p or p). The input (or output) y of a switch x in any
column has a global label [xy]. Every switch x in the left, middle or right column will be denoted
[xJieris [*)midaie OF [XJigni» respectively. Similarly, every input/output port [xy] of the left, middle or
right column will be denoted [xy g, [X Jmadie» OF [X) Jugn: - The interconnection between the first two
columns links every output port [xyl. to input port {yx]uua.. Similarly, the interconnection
between the middle column and the right column links output port [yx]paae to input port [xy]ngn. -
These interconnections will be referred to as the first and second interconnections, respectively.
Figure 1 shows a Clos network.

If the first column of C(p, q) is dropped. the remaining network can be self-routed using the
destination addresses. To see this, suppose that a message is to be sent from output port [x)]eq
of C(p, ¢) to the output terminal {x"y]. The message first enters the input port [ VX Jmiaie » then, using
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Fig. 1. A Clos network.

the digit x’ of the destination address [x’y’], the message exits through output port [yxJoqae-
Afterwards, it enters the input port [x’ ¥ Juign. and then, using digit y* of the destination address [xy1],
it reaches output port [x’y 'lngne» Which is the desired destination. In summary, to go to destination
[x’y], x” is used to control the middle column and »’ is used to control the right column.

Consequently, to go from any input terminal [vw] of C(p, ) to any output terminal [x'y’], we
can select a digit z’ (output of switch [v] in the left column), 0 <z’ < q — 1, and form the control
tag z’x’y’ to find a path from [vw] to [x'y"] in C(p, q) as follows: use z’ to link input port [vw]
to output port [vz’]} of the first column, and from there establish the path to the input terminal
[x"y’] as explained above. The way z’ is selected characterizes the routing algorithm. In this paper,
z” will be selected randomly in three different ways corresponding to the three randomized
algorithms that will be explained later.

Since z’ is selected randomly, conflict over links is bound to occur and should be resolved. We
will use unbuffered circuit switching and resolve conflicts as follows: whenever two or more paths
conflict while being established, only one path is fully established while all the other paths are
abolished awaiting future cycles. (Recall that cycle is the time period needed to estabish
nonconflicting source~destination paths and deliver the corresponding messages.) This method
clearly prevents deadlock and starvation when routing permutations.

Finally, it should be noted that because the communication delay of permutations is nondeter-
ministic in randomized routing, some synchronization mechanism is needed to detect the
completion of one permutation so that a new permutation can start. One possibe mechanism is
to employ a single line bus linked to all the output terminals. Whenever a permutation is started,
every output terminal puts “1”” on the bus until it receives its message at which time it stops putting
“1”. As long as there is still one output terminal that has not received a message, there is “1” on
the bus, that is, the bus is “hot”. When all the output terminals have received their data, the bus
becomes “cold”, which is taken as a signal to all the processors that they can start their next
permutation. Other synchronization mechanisms may also be used, but this is outside the scope
of this paper.

3. THE RANDOMIZED ROUTING ALGORITHMS FOR CLOS NETWORKS

We will present three randomized routing algonthms for C(p, ¢), namely, the Single Randomiz -
~ation Algorithm, the Switch Randomization Algorithm and the Multiple Randomization Algorithm.
In these algorithms, every input terminal processor will be assumed to have an independent uniform
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random number generator that generates integers in the range from 0 to ¢ — 1, corresponding to
the labels of the output ports in every switch in the left column.

3.1. The Single Randomization Algorithm

Pt

To route a permutation f, every input terminal s forms its control tag z'x’y’ to its destination
S(s) =[x"y’] by selecting z’ from {0, 1,...,q — I} uniformly randomly and independently of other
input terminals. Then, every input terminal s attempts to establish the corresponding path s — f(s)
until it succeeds; when a path is established its corresponding message is sent,

3.2. The Switch Randomization Algorithm

In the Single Randomization Algorithm conflicts occur in both the left and middle columns. If,
however, the switches in the left column are set to one-to-one settings, conflicts in the left column
will be eliminated and, consequently, the routing delay of permutations is likely to be reduced. This
is accomplished in the Switch Randomization Algorithm described next.

Every switch in the left column is set to a one-to-one setting selected uniformly randomly from
a set S of settings. Each switch is set independently of the other switches in the left column. After
the left column is set, the network becomes a self-routed network that uses the destination addresses
as control tags to control the middle and right columns.

The size of the set S has a bearing on the computational cost of the algorithm. The number of
one-to-one settings of a ¢ x g switch is g!. The set S from which to randomly select a setting for
each left switch is in principal the set of all the ¢! settings. But for reasonably large ¢ (¢ > 10),
the random selection from among ¢! settings takes O(q) time. Our probabilistic analysis conducted
in Subsection 4.2 will show that the probability distribution of the communication delay is virtually
the same whether S consists of all the ¢! settings or just the q cyclic shift settings {n,]0<j <q — 1,
where n;(x) = x + j mod q for every x =0, 1,. .., g — 1. To select a cyclic shift setting uniformly
randomly, it suffices to select j uniformly randomly from the set {0,1,...,¢ — 1} and set the switch
to m,. [By setting a switch to n; means that every input port of local label x is linked to the output
port of local label n/(x), x =0, 1,...,q — 1] This selection of j takes constant time (using a
standard pseudo-random number generator). Therefore, we take S to be the set of these g cyclic
shift settings.

It should be noted that the random selection of j for every left switch is carried out by some
designated input terminal (i.e. procesor) directly linked to that switch. The selected J is then
forwarded to the switch control to set the switch.

3.3. The Muitiple Randomization Algorithm

Another way to improve the Single Randomization Algorithm is to employ multiple randomiz-
ation in the left column.

Specifically, after an input terminal i randomly selects z’ and forms its control tag z’'x’y’ as s
done in the Single Randomization Algorithm, if the path i — f(i) conflicts with other paths. the
input terminal i need not commit itself to the same z’ in the following cycles. Rather, every time
an input terminal / experiences a conflict at the beginning of a cycle, it randomly selects a new :
during that cycle and tries to establish the path i — S(i) in the next cycle. This is repeated untl
the path is established. Note that this repeated random selection of z’ does not incur additional
time overhead because the selection is carried out during the otherwise idle wait of the processors

The conceptual rationale behind this multiple randomization method is that when a conflict
occurs, some clustering of paths occurred, so the repeated randomization opens the way to uncluster
some of the paths and reduce the delay. Reclustering may take place, but the repeated
randomization again takes care of the new clusters.

4. THEORETICAL PERFORMANCE ANALYSIS OF THE ALGORITHM

In this section, probabilistic analysis of the communication delay in the first two routing
algorithms will be carried out. As for the Muluple Randomization Algorithm, the theoreucal
analysis seems to be very complex. We will therefore analyze the performance of the latter
algorithm via simulation only.
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4.1. Performance analysis of single randomization

Let f be an arbitrary, fixed permutation to be routed in C(p, q) using the Single Randomiz-
ation Algorithm. Every input terminal s of C(p, ¢) will send a single message M, to the output
terminal f(s) of C(p, ¢). The maximum time delay of M, to reach its destination will be
probabistically modeled and shown to follow a binomial distribution.

Let:

e f = the permutation to be routed.

® R =an arbitrary, fixed path [at], — [#@]mage — [0 Jmicaic — [bt)gne» from output port [at] of
the left column to the input port [t] of the right column.

® X = the (random) number of source-destination paths that conflict with R when [ is being
randomly routed. The maximum time delay experienced by any message M that needs to use
all of R is modeled by X.

e C = {source s | (s is an input of switch [a],, or ( f(s) is output of switch [b],,)}. In other terms,
C is the set of the sources s such that the (random path) s — f(s) potentially conflicts with
R. The potentiality may or may not become an actuality depending on which choices the
randomized algorithm makes. Note that C depends on f, a and b, but not on the randomized
algorithm.

e ¢ =|C|. Note that ¢ <c¢ <2q.

Theorem 4.1. The random variable X follows the binomial distribution B(c, 1/9).
Proof. Let x, be a Bernoulli random variable for every s in C, where x, = | if the path s — f(s)
selected by the algorithm conflicts with R; otherwise, x, = 0. Thus,

X=3 x,.

seC
It can be seen that for every s € C, the selected path s — f(s) conflicts with R if and only if it goes
through the same middle switch as R, which is [¢],,44. Therefore, for every s € C, the selected path
s — f(s) conflicts with R if and only if the source terminal s selects the output port of local label
¢ in the left column. As every source selects one out of ¢ choices uniformly randomly, s chooses
t with probability 1/q. It follows that Pr{x, = 1] = 1/¢. Thus, every x, is a Bernoulli random variable
with parameter 1/4. In addition, since the sources make their random choices independently, the
x,s must be independent. Consequently, X follows the binomial distribution B(c, 1/q). n

It follows from the previous theorem that the average value E(X) is ¢ /q which is between 1 and
2 because ¢ < ¢ < 29. More importantly, high probabilistic bounds on the range of the maximum
delay X will next be derived. We will first prove a useful theorem about binomial distributions.

Theorem 4.2. Let Y be a random variable that follows the binomial distribution B(n,p). Let
4 =np = E(Y). Then, the following holds:
Y

I}
i’

k
(1) for every k > 24, Pr{Y <k]ze* Y

im0

.
(2) for all y >4 and for k > 2y, Pr{Y <k]ze’ ¥ a

i
=i

Proof. (1) Let r be an integer > 24 + 1. Pr{Y = r] = ("p'(1 —pY " which can be shown to be

equal to:
A AN n -1
) =
where
wa=l n Xn—lx”‘xn—(r—l)
oM —A n—i n-—a n—4i

It will be shown next that
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and
-1
1,0”“/{

To this effect, assume that 1 is constant and view (1 — 4/n)" as a function of n. Let
AN ]
g(n)=ln<l ——) =n ln(l —-ﬁ)
n n

A i
‘(M)=1In[1-=
g'(n) n( n>+

n—ai

<L

The first derivative

The second derivative
a2
"n)=——=<0.
g"(n) Y
Therefore, g’ is a decreasing function of n for n > A. Since g’(n) goes to 0 as n approaches infinity,
it follows that g’(n)> 0 for all » > A. Thus, g(n) is an increasing function in 7. Consequently,
(1 —A/n) is an increasing function of n which is known also to converge to e *. Hence

(l - f) <e -
n

r—ln_l
jmon —A

As for the claim

<1,

two cases will be distinguished based on whether r is even or odd. In each case, the r terms in the
product will be regrouped as follows. For r even:

’l:I‘ n—1 L"ﬁ’/u [(n —-Dpn—(r-1- i)]j'

lao”“l_ (=0 (n =AY

and for r odd

r—1
'I-_['n—z_"' 2 0 =) —(r = 1= )]
,_On—l— n"‘j. i=( (n—l{)z )

The term [(n —i)[n — (r — 1 — i))/(n — 1)’] can be shown to be an increasing function of i for
i < (r — 1)/2 (because the numerator is a parabola in i). Therefore;

[(n-—i)[n—o—l—i)l]S ("‘C—;—l>["_('"l”r;l)] ;("‘71)2

(n—Ay (n— A4y | (n—4)

which is <1 when r =24 + 1. Thus, whether r is even or odd:

=ln -]

- < 1L
1,0” “A.
As a result, we have Pr{Y =r] < (4/r)e " It follows that:
n n b ) Ai . . r—t i _r—-I;.t
Pr[YZr]=ZPr[Y:i]Se“Z%Se""Zi—'=e”‘<e"—- Y %):l—e" e
i=r jmp b izr b i=Q t f=0 *-

(Note that we made use of the well-known formula ¢* =14 A/1! + 4%/2! +...). Consequently,
r—1 i
PiY<r—1]=1-PrY =rjze "} I
imQ b
for r 221 + 1. Letting k =r — 1 which is >24, part (1) of the theorem follows.
(2) It can be seen that e~*x"/r! is an increasing function of x for x <r. Therefore

r o’

4 }
PriY =r]<—e <5e” for A<y<r
r. r.
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Thus,
PAY =rl<Te for r32y+1.
r!

The rest of the proof is the same as in the preceding paragraph. ]
Since X is binomial B(c, 1/q), it follows that A = ¢/g < 2q9/q < 2. Therefore, for k > 4

k i
PUX <k]>e T 2
i=Q b
By evaluating

k
e ?y 2/it for k=4,506,7,8,9,

i=0
we derive:

Pr{X <4]>0.94734, Pr{X <5]>0.98343, Pr{X < 6] > 0.99546,
Pr{X <7]>0.99890, Pr{X <8]>099972, Pr{X <9] > 0.99995.

These overwhelming probability figures, which hold for arbitrary f, p and g, clearly reveal the
extreme communication speed of the Single Randomization Algorithm.

Since X is indicative of the delay of only a single (though arbitrary) message in a permutation,
and since the probabilistic bounds are conservative lower bounds, simulation is needed to evaluate
the entire delay of a permutation in actual networks. This will be carried in Section 5.

4.2. Performance Analysis of Switch Randomization

Let f, R, a, b, t and X denote the same entities as before. Let C also denote the set of sources
s such that the path s — f(s) potentially conflicts with R. Under the Switch Randomization
Algorithm, conflicts occur over links in the second but not the first interconnection. Thus, a path
potentially conflicts with R if and only if the destination of the path is an output port of the
right switch [b];p,. Thus ¢ =|C|=gq. Furthermore, for every s e C, the selected path s — f(s)
conflicts with R if and only if that path goes through the same middle switch [¢Jmiacie @8 R, which
is the case if and only if the selected one-to-one setting of the left switch of s links s to the output
port of local label ¢. As the switch settings are one-to-one, from every left switch there can be
at most one input terminal that conflicts with R no matter what the random setting is. Let
then x,, 0 <k <p — 1, be a Bernoulli random variable such that x, = 1 if the randomly selected
setting of left switch [k}, causes one input of that switch to conflict with R, otherwise X =0
Clearly,

p—1
X = Z X
k=0
As the switches are set independently, these x,s are independent.

Pr{x, = 1] will be evaluated next. Let C, be the set of source input terminals of left switch [k].,
such that their destinations are outputs of switch [b]ign and let ¢, =|C,|. That is, C, is the set of
inputs of left switch [k}, that potentially conflicts with R. Clearly, C, depends only on f, k and
b, and is thus independent of the randomization. It was indicated that a setting of [k],, leads to
a conflict with R if and only if one of the inputs in C, is linked to the output terminal of local
label ¢ in {k],. Therefore:

Prix, = 1]

_ No. of settings of [k],, that link some input in C, to the output port ¢ of [k},
h total number of settings of (k]

)

Prix, = 1]
No. of settings of [k]., that link some fixed input ir C, to the output port ¢ of [k].n
total number of settings of [k}

._ck
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In the case where the set S from which the left switch settings are selected is the entire set of the
q! one-to-one settings, it can be seen that

— 1
Pr(x, = l]=~*__ck(q D':ﬁ,
q! q

If, on the other hand, the set S is limited as in the algorithm to {n,10 <j < q — 1}, then there is
only one setting that links a fixed input x in C, to the output port  because m,(x) =t is equivalent
to x +; mod g = 1 which, in turn, is equivalent to j = [(+ — x) mod q). Thus, under this limited case,
Prix, =1]= Ckl = &,
9 4
which is the same as above. This justifies why in the Switch Randomization Algorithm the setting
choices were limited to {r, |0 </ <q —1}.
To summarize,
p—1
X=13 x
k=0
is the sum of independent Bernoulli variables (XiJo<ik<p-1 but their parameters c,/q are not
necessarily identical. Therefore, X does not necessarily follow a binomial distribution. However,
the mean of X can be computed and its standard deviation can be bounded. This will enable us
to use the well-known Chebychev’s inequality to derive useful probabilistic bounds on the
communication delays of messages.
Theorem 4.3. Let py and o, be the mean and standard deviation of X, respectively. Then, u, = 1
and g, < 1.
Proof.
p=1 Cr

m=EX) =Y E(x)=3 %=
k=0

[
k=09 4

var() =S var(r) =S fqﬁ (1 - c*) <y

k=0 k=0

Therefore, o, = ./var(X) < 1.

One immediate conclusion that can be drawn from the previous theorem is that the average value
I of the delay X is < the average of X under the Single Randomization Algorithm [where
1 < E(X) <2]. This gives an indication that this algorithm is better than the Single Randomization
Algorithm on average.

More importantly, using Chebychev’s inequality

Priuy —koy < X <uy+koyl> 1 =L

it is concluded that:
PriX <k]=PrX <1 +k]=2Pr{l —k <X <1 + k]2 Pr{uy —koy< X < uy+ ko]

and therefore, Pr{X <k]>1— 1/k% In particular, Pr(X < 5] > 0.96.

The average value 1 of the delay X and the high probability that the delay is bounded by S reveals
the power of the Switch Randomization Algorithm.

It should be noted that because of the very conservative Chebychev bound, the 0.96 figure
does not fully exhibit the advantage of this algorithm over the Single Randomization Algor-
ithm. However, the simulation analysis conducted in the next section will clearly show that
advantage.

5. SIMULATION

We have simulated the three algorithms on Clos networks C(p, ¢) for 4 < ¢ < 32, taking p = ¢
for convenience. For each algorithm and each value of ¢, several hundred arbitrary, randomly
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Fig. 2. Performance of the randomized algorithms.

selected permutations were routed. For each permutation we recorded the total number of cycles
needed to complete routing the N messages of the permutation. For each algorithm and each value
of g, we averaged the number of cycles per permutation over the several hundred routed
permutations. We also measured the maximum number of cycles required by any of these routed
permutations. Figure 2a plots the simulation findings of the average number of cycles per
permutation in each of the three algorithms against the switch size ¢. Figure 2b plots the maximum
number of cycles per permutation that we experienced in our simulations of the three algorithms
for the various values of switch size q.

The plots clearly show that the three algorithms yield great performance, confirming the
theoretical analysis and even giving better results. The average delay in any of the algorithms 1s
2.375-5.781 cycles/permutation, and the maximum experienced delay is 3-7 cycles/permutation.
Comparing Fig. 2a and b shows that each algorithm exhibits a highly uniform delay as is evident
from the fact that the difference between the average delay and maximum delay is about 1 cycle.

The algorithms are comparable in performance, differing by roughly 1-1.5 cycles/permutation.
However, since permutations are routed frequently in parallel systems, a performance differential
of 1 or 2 cycles (about 20 or 40% in our case) is significant. Therefore, the performance differential
between the three algorithms is significant enough to warrant a closer comparison. The Switch
Randomization Algorithm and the Multiple Randomization Algorithm are advantageous over the
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Single Randomization Algorithm by more than one cycle. For switch sizes g < 16, the Switch
Randomization Algorithm yields a somewhat smaller delay than the Multiple Randomization
Algorithm. For larger switch sizes where 16 < ¢ < 32, which corresponds to machines of 256—1024
processors, the Multiple Randomization Algorithm is clearly the best of the three algorithms. It
yields an almost deterministic average delay of 4-4.344 cycles/permutation and a maximum delay
of 4-5 cycles/permutation. This very small, almost deterministic delay of permutations in
medium-to-large Clos-connected systems makes this routing algorithm very advantageous and
makes Clos networks very practical, efficient and desirable.

6. CONCLUSION AND FUTURE DIRECTIONS

This paper introduced and studied three randomized self-routing algorithms for Clos networks.
The probabilistic analysis and the simulations conducted in this paper have shown that the
communication delay of any permutation is very small. Both the Switch Randomization Algorithm
and the Multiple Randomization Algorithm yield smaller delays than the straightforward Single
Randomization Algorithm. For switch sizes <16 (i.e. for networks of size N < 256 processors),
the Switch Randomization Algorithm performs better than the Multiple Randomization Algorithm
by roughly half a cycle per permutation. In fact, under the Switch Randomization Algorithm, the
delay is 2.375--4.281 cycles/permutation for switch sizes < 16. However, for switch sizes in the range
16-32 (i.e. N in the range 256—1024 processors), the Multiple Randomization Algorithm is the best
of the three algorithms; it yields a delay of 4-4.344 cycles/permutation on average and a maximum
delay of 4-5 cycles/permutation. It is a very small and almost deterministic delay that makes the
algorithm highly useful.

These randomized routing algorithms enjoy several advantages. The first advantage is that the
algorithms are very simple and easy to implement. The second advantage is that the algorithms
take little computational time to set the switches due to the self-routed nature of randomized
routing. Precisely, the only computation time needed is the small constant time of selecting a
random number. The third advantage is that the communication delay of permutations when using
these algorithms is extremely small. The fourth advantage is the universality of the algorithms in
that they route all permutations.

The ease of implementation, the routing speed, the very low communication delay, and the
universality make these algorithms superior to any other known universal routing algorithm for
Clos or Benes networks. They also make Close networks superior to the nonuniversal banyan
MINs. In addition, if these aigorithms are used jointly with Youssef and Arden’s approach in
Ref. [9], every Omega-realizable permutation can be routed on Clos in a single cycle. Therefore,
Clos networks can now deliver the same performance as banyan MIN & networks on §-realizable
permutations, and deliver higher performance than & networks on the permutations that cannot
be realized on & networks. These advantages and the comparative VLSI cost make Clos networks
highly practical and attractive for large parallel systems.

Several research directions in randomized routing need to be pursued and are currently under
investigation. First, the fault tolerance capabilities of the three algorithms are being examined. The
algorithms turn out to be highly adaptable to fault tolerance and can tolerate many switch faults
of various types. Second, other modes of routing than permuting will be studied probabilistically
and using simulation. Finally, randomization will be applied to Clos-Benes networks of more than
three columns to determine the efficacy of randomization in these networks as well as the effect
of the number of columns on the communication delay.
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