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Abstract

Partitioning interconnection networks is one of the most
important factors in increasing resource utilization of parallel
machines. This paper addresses the partitioning of the
Banyan-Hypercube networks (BH's). BH's have been recently
intoduced as new fixed interconnection networks. It was shown
that they have many hypercube features such as self-routing and
efficient embedding of rings and meshes. In addition, they have
advantages over hypercubes in extendibility, diameter, average
distance, and embedding of hierarchical structures such as trees,
pyramids and multiple pyramids. BH's are also highly
partidonable. ‘

Partitioning strategies as well as data structures for
partitioning are proposed and studied. Simulation results of
internal, external, and total fragmentations for uniform and
exponential distributions of request sizes are presented and
discussed. The buddy system strategy of partitioning the
hvpercube is also simulated for comparison purposes. BH
exhibits a better internal fragmentation over the hypercube, and
for large request sizes the total fragmentation of the two
neiworks are comparable. It is also shown that the internal

fragmentation in BH decreases as the number of levels of BH
increases.

LIntroduction

Highly parallel computers provide great computational
bower 1o solve problems previously considered impractical.
Uwever. the availability of several processing elements is not
tnough. The resources should be well utilized and managed.
i¢ way of improving performance is system partitioning
Bl61171110). Partitioning consists of splitting the network into
*tveral subnetworks. called partitions, of different sizes. Each
PaMition must have the same structure as the original network in
Oder 1o use the same routing and mapping algorithms.
Amitionable parallel computers can provide an increase in
System throughput as well as in the speedup of a single job [4].
e Throughput is increased by executing several jobs
;lxmullanequs]y. The speedup of a singie job is maximized by
&\FCulmg»ns tasks simultaneously. Examples of partitionable
-Sems include @ the Ncube[6]. PASMI[8], Connection
“ine} ). and Cosmic Cubel 10]. .
- he Banvan-Hypercube (BH) networks were first
Rg(f’duced as new fixed interconnection networks in [13]. It was
QH‘M that they have many hypercube features such as
ad‘él‘lft*utmg and efficient embedding of rings and meshes. In
.lamlon, they have advantages over hypercubes in extendibility,
. Jeler. average distance. and embedding of hierarchical
Ld‘i‘x‘(':'mres such as trees, pyramids and multiple pyramids. It was
l,m”;‘hQWn that BH's have a great partitioning flexibility.

1oning the BH 15 the focus of this paper.

“etwork partinoning needs: (1) a data structure to keep
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track of available partitions in the system: (2) a partition
allocation strategy that partitions the network and allocates
partitions to requests; and (3) a deallocation stategy that merges
freed partitions with other free partitions in the system to form
larger partitions and minimize fragmentation.

The paper is organized as follows. The next section gives
an overview of BH's, and other definitions related to
partitioning. Section 3 discusses the data structures used 1o
partition the BH and analyzes their space complexity. In section
4, algorithms for partitioning strategies of the banyan-
hypercubes are presented. Section 5 presents metrics to measure
internal. external, and total fragmentation in the system.
Experimental results of all strategies are given in section 6. The
last section gives concluding remarks and future directions.

2-Preliminaries and Definitions

An extended definition of the banyan-hypercubes as well
as properties related to partitioning are presented in this section.
Banyan-hypecubes are a synthesis of banyans and hypercubes.
They were first defined in [13], as a new topology. Banvans are
reviewed first.

A banyan is a Hass diagram of a partial ordering where
there is a unique path from every base to every apex{4]. A base
1s any vertex having no arcs incident into it, and an apex is any
node having no arcs incident out from it. An L-level banyan is a
banyan whose nodes can be arranged into L levels so that the
arcs are only between adjacent levels. A regular banvan is an L-
level banyan where all the nodes except the bases have the same
indegree F called the fanout and all the nodes except the apexes
have the same outdegree S called the spread. A rectangular
banyan is a regular banyan where S=F. In this case, all the
levels have the same number of nodes, which is SL-1, Figure 1
shows a rectangular banvan of spread 2 and another of spread 4.

(bi. Banvan of spread 2

Figure 1



A banyan-hypercube, denoted BH(h,k,s), where h <k+]
.nd s is power of 2, is the first 4 levels (from the base) of a
(k+1)-level rectangular banyan of spread s, such that the nodes
in each level are interconnected by a hypercube (dashed lines in
figure 2). The levels of the banyan are numbered from 0 to 4 -1
and the nodes in each level are labeled in binary from O to st-1.
Therefore, each node is labeled by a pair (LX) where 0<L<h -1
and X 1s a cube address of the form x, ;...x;x, in the number
svstem of base 5. The total number of nodes in the network is
hs*. For a complete definition of the banyan-hypercube, the
reader is referred to [13]. If A =k+1, the network is called a full
banyan-hypercube. Figure 2 shows banyan-hypercube
networks.

It was proven in [14] that any [ successive levels of a
BHU/1.k.5) where 1</<h, constitute a graph which is isomorphic
to BH(/.k.s). Therefore, any subnetwork of BH(/,k,s) of [,
levels, starting from level b;, such that the nodes in each level
are interconnected in a k;-cube is a banyan-hypercube, called
subbanyan-hypercube. Consequently, the parameters h, k, s are
not enough to describe a subbanyan-hypercube and new
parameters are needed to locate the subnetwork in the original
network. One of these parameters is the starting leve] number,
called the base level. For a BH(h,k,s), the base level is 0,
therefore BH(A.k.5) can be referred to as BH(0,h,k,s).

000 001 010 01! 100 101 110 11t

(ay BH(3.3,2)

O 001 010 011 100 101 110 111

~
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(hy: BH(4,3.2)
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Definition 1: A subbanvan-hvpercube BH(b, !/ k;.5) of

BH(O.iik.sy. where 0<b,<h-1, 1€i;<h.and 0k <k, is a
banvan-hypercube of /, levels starting at level b; such that the
nodes 1n each level are interconnected in a k;-cube. The base
ievel b must satisfv the following conditions:

(1) 0gh gk +1-1,  if I<igh (Uz])

(2 0gh,gh -1 if /=1

Note that the labels of the levels of BH(b, [, k,.5) are b,

h=1.h 2. b~+l-1. Throughout this paper b;is the base of

the subbanyvan-hypercube. &, is the logarithmic width, ski is the
width. and /i is the height. Figure 3 shows two subbanyan-
hypercubes.

Definition 2: A (/; k;)-partition is any subbanyan-hypercube
whose height is /; and logarithmic width k; , where /; <k, +1.
The size of an (/,.k)-partition is /; ske.

For practical considerations. the value of s is preferred to
= 2 or 4. Throughout this paper only banyan-hypercubes with
~pread =2 are treated. In this case each node in the network is

identified by its level and its cube-address x, ;..x,x, , where X,
is either O or 1.

000 001 010 011 100 101 110 111

(a): BH(1,23,2)

000 00t 010 011 100 101 110 111

(b): BH(1,3,3,2)

Figure 3

One can easily see that a partition BH(b;,/;,k;,2) is still not
uniquely identified. This is because for a given base b;, and 8
number of levels {;, we might have 25-& k;-cube in a k-cube. In
figure 4 the BH(0,2,3,2) has 4 identical subbanyan-hypercubes,
BH(0,2,1,2). To uniquely identify partitions BH(b;,/;,;,2) of 2
BH(0,h,k,2), a representation based on the. ternary
representation in [3] 1s used to address the k;-cube of each
partition. This will be referred to as the cube address of the
partition. The address of each k;-cube is represented by k digits,
where k is the logarithmic width of BH, such that each digitis 0,
1, or *, where * is a “don't care”. For example, the subcube o.f
the nodes {000,100,001,101} in the 3-cube has the address *0
(2-cube). When using the buddy system strategy in the
allocation of subcubes in a hypercube [3], all the »'s constitute

the lower part of the address and are referred to as #ki, where &
is the size of the subcube. We refer to this addressing scheme as
the buddy addressing mode. '

The BH(0,2,3,2) of figure 4 has the cube address e
»*) and its subbanyan-hypercubes BH(0,2,1,2) have th¢
following cube addresses, from left to right, 00, 01x, 10+
11,

00* o1* 10*
000 oo\@o o11\(00 101 \ (110

; ~ I\ \\‘\\\ \)Ti\ ~ :\:‘\ i) % \‘\\

0 WY
BH(0,2.3,2)
Figure 4

3-Data Structures for Network Partitioning free.

During partitioning, some partitions may bCCO“;CWher
either when a given task completes its execution gdatc ar
splitting a partition into smaller partitions to accom™ a dat?
incoming task with a small request. In either Casc'w gaté
structure is needed to record available partitions. pan¥a®
structures are considered for the partitioning of th¢ ™
hypercube.
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Data structure for BH(0,4,3,2)
Figure 5

Since each partition in thé network is characterized by its
base level, its number of levels, its logarithmic width, and its
cube address, a three-dimensional array, P, is first considered,
where each entry points to a linked list of free partitions. The
nodes of the linked list pointed to by the entry (b;,k;,/;) contain
the cube addresses of those partitions that have the base level b,
the number of levels /;, and the logarithmic width k;. Initially. all
entries point to null, except for the entry P{0,4,/], corresponding
to the original network. Figure 5 shows the data structure of the
BH(0.4,3,2). ,

The not-used entries (shaded area) in the array correspond
10 the subnetworks which do not satisfy either conditions (1) or
{2) defined in the previous section. As can be seen in the
txample given in figure 5, the array is very sparse, less than
30% of the entries is used. The space complexity of P is clearly
O(hz.k.O(list_space)), where O(list_space) is the space
used by the largest list in the system. Béfore the evaluation of

Ylist_space), we first give the second data structure, since its
Space complexity includes the same term. This second data
Structure 1s a mapping of the 3-dimensional arrav P into a one-
dmensional array. called PART. The size of PART is equal to
the number of the used entries in P. The following proposition
Eives the total number of used entries in the case of a full
banyvan-hvpercube.

roposition 1: The 1otal number, U, of used entries used in
P for a full banyan-hypercube BH(0,4,k,2), where h=k+1, is:

U=+ 124 ks 1y (k4 2)

. 6
Note that for a full BH(0,11,10,2) only 28.2% of the space of
the first data structure is used.

The mapping function of the element of P into the element
of PART is derived by a rowwise counting of the occupiable
Le. non-shaded) entries of the 3-dimensional array P. It is
&iven by the following proposition:

oposition 2: The entry P{b;k,.[, ] of a given partition
fH(bh_l,',k,‘.?) in a BH(0.h,k.2) is mapped into PART using the
ollowing function. F:

f(bl.k“) lf/‘:l
F{b,,kP[J:/
bk JHl b b sl 1)kt 1) if L]
Where
T (bukp=kit(k+ Db +Lihth+ )b -L2he Dbbe1)

+%b‘(b,+l ¥ 2b+1))
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The address of an available partinon BH(b, ./, k..2) is then
located in the list pointed to by PART[F{b..k,./;}). The space
complexity of PART is now reduced to O(U.O(list_space)).
where U is given by proposition 1. To compute the term
O(list_space) which is the space of the largest list in the svstem.
theorem 1 is needed. The following lemmas are useful in the
proof of theorem 1.

Lemma 1: The number of &;-cubes, using the buddy svstem. in

a hypercube of dimension k is 2%-%, and the total number of

subcubes is 24+1-1,

Proof: The proof is straightforward and hence omitted. The

interested reader can find the proof in [3}
: n

Lemma 2: Given a BH(0,hk,2), the total number K ,(/; ;) of
{{i,k;)-partitions having their top level coincide with the top level
of the BH is:

DA if 1=1
Kuylkp=\ 0 if /=1 and k <h-1
2k if {#1 and k 2h-1

Proof: Case 1: /;=1, that is, each (/;,k;)-partition is a hypercube
of dimension &;. The total number of subcubes of dimension 4;
at level -1 is 254 by lemma 1.
Case_2: /;=1. In this case, it can be seen that the number of
(;,k;)-partitions is independent from the value of b;. Therefore,
1t is sufficient to count the number of partitions where b;=0. Let
LBH(0,/j,k;,2) be a partition of BH(0,A.k.2). The top level of
LBH coincides with the top level of BH only if bj+/;-1=h-1<k;.
Thus, if kj<h-1, no such partitions exist. On the other hand, if
kjzh-1 then BH can be built from 2%k; copies of LBH.
Therefore, Kx(lj,k;) = 2%,

]
Theorem 1: in a
BH(0,A,k,2) is:

The total number of (/,,k;)-partitions

[ k22"
hzk-k,

if [z
if =1
Proof: Let Py, (/j,kj) and Py 4(/;.kj) be the total number of
(;,k)-partitions  in BH(0,4,k.2) and in BH(0,h-1.k,2),
respectively. Py i(/j,kj) can be computed using the following
recurrence relation:

Pralliki) =P pn_j xllikD)+K n(lj k)
Where Kp(lj,k;) is the number of (/;,k;)-partitions such that their
top level coincide with the top level of BH(0.h.£,2) as in lemma
2. Letting @m=Pp k(lj ki), we have: ap=a,, 1+Kn(ljk;). where m
is the number of levels in the network. Two cases are
considered: :
Case 1: {j=1. In this case the value of K,.(/;.k;) is 2%% and the
recurrence relation becomes:

am=am~1+2k‘kl

The initial value of this relation is when m=1, that is the
hypercube case. This value is computed by lemma 1 and is
a;=2%%_ The solution of this relation is simple and the result is:
am=m2%*,_ and therefore Py ,Uj kjr=an=h2%%,
Case 2: {;=1. Lemma | introduces two sub-cases 1o compute the
value of K, ({j,k;) in BH(0.A.k.2) when {j=1:

jo
‘zbk

Py adlk =

K1) = k<m-1

kzm-1

Therefore, two different recurrence relation result from the
above conditions:



AT,

“oulttasking where muitiple  tasks

A=A, | if m>n+1 (1)
A= +25F if mkj+1 ()

The iniual value for these two relations can be derived by
observing that the height of the smallest BH network which has
(I .k,)-partitions must be 2/;. Therefore, m can take values
between /; and h. where h is the height of the network. The
value of a;, can be computed by applying lemma 2 to
BH(0,/;.k.2), leading to ay;=2%4 | since /,-1<k;<k. From
relation (2) we conclude that a,=a;+(m-1,)2k* for msk;+1. In
particular, @i, .r=a;+(kj+1-)2%* . From relation (1) we have
Adp=dp. |=..= Ak, -2=di +1- Therefore, ap= Agi+1 =
ApHkp+ 100208 = DRk (ki 11020k = (k-1 +2) 26k [ ]

Now. we are In a position to compute the term
Otlist_space). It is clearly seen that the lower bound is attained
when the whole network consists of one free partition, (figure
5). From Theorem | we can see that for small values of /, and
k,. the number of parttion Py (/.k,) is large. So, for /=1,
k=0, and all the base levels &,. the total number number of
(1,0)-partition is computed by theorem 1, Py 4(1,0)= 42 In the
next section we will see that when using the buddy system we
may end up having only half of the processors allocated in a
given level. Therefore. for a given b,. we may have 2! free
processors in the worst case. In that case the space needed by
the list is Otlist_space)=0(2%1). Hence. the space complexity of
PART is O(L'.2%7y and that of P is O(h242%1)=0(hkN),
where U is given in proposition 1 and N=h2%

4-Partitioning Strategies

Partitioning a paralle! architecture into several partitions of
different sizes 10 accommodate incoming tasks is a problem
SIMEAT 10 memory management 1n a uniprocessor. It allows
can be executed

muitaneousivan the svstem. Efficient partitioning strategies are
anamporntant factor in higher performance and better utilization
of svstems.

To parution the banvan-hypercube. a dvnamic two-way
parnnoning system (TWPS) 1w proposed. In [13), the banyan-
hypercube wis shown 1o be parutioned along two directions:
horizontallv and vernicaliv. The vertcal partitioning uses the
binury buddy svatem |13 and 1t s possible only if the partition,
BHith i, w20 ix not a full banvan-hvpercube: b,<k;+1-/;
tcondition (1 of definition 11. The horizontal partitioning was
limited to the 10p of « tull banyan-hypercube. This reduces the
flexibility of partitioning the network. Qur TWPS schema uses
the same vertical parttuoning, but it does not restrict the
horizontal parutoning to the top level of a full banvan-
hypercube. Any partiton can now be split at any level. This
makes our purtiioning more flexible: more partitions can be
aliocated. Frgure 6 shows an example of horizontal and vertical
parnuoning.

R L L I (LI A AR R TINR B

BH04.3.2)
Figure €@ horizontal and vertceal partitioning

Some partitions can be split or combined horizontally and
rucally. others can only be split tor combined) horizontally.
ror example if the network is full. it cannot be split vertically.
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During the process of splitting and combining partitions, we are
interested in  valid  partitions. Formally, a partton
BH;(b;./i,k,,2) in a BH(0.h.4.2) is a valid partition if its cybe
address is of the form ay.;a;.5...0k.4k- %% and if b, [, and k,
satisfy conditions (1) and (2) in definition 1.

A valid partition BH;(b,,/;,k,.2) with cube address ai.a,
2...ai*% can be split vertically into two valid partitions of the
form BH;(b../;,k,-1,2) with cube addresses 2P T T LR
and ay.;ax.2...ax1**%-7. The two partitions are called
cube-buddies. .

For every / in the range between 1 and /-1, BH,(b,./.k.2)
can be split horizontally into two partitions BH(b,./,k;.2) and
BHy(b;+11i-1,k;,2), both of cube address a;.jax;..au*t, . BH.
and BH, are called level-buddies; BH; is the lower level-budd:
and BH, is the upper level-buddy .

Combining, the opposite process of splitting, can be done
horizontally and vertcally as follows. If BH,(b,,/,.k..2) and
BH(b.l;,k;,2) are valid partitions with cube addresses
Ai=ay.1ay.2...a5*% and Aj=bk.jbk.2.,.bkj*k} , then:

- if b=b; and I;=1; and ki=k; and Al and Aj agree in all
but bit position &; then the two partitions (cube-buddies)
can be combined into a single partition BH(b,,/;,k+1.2)
with cube address ay.jag.;...ax. *%5+! .

- if kj=k; andb;=b;+l; and the two cube addresses are
identical, then the two partitions are level-buddies and
can be combined into a single partition BH(b,.li+/,.k,.2)
with cube address ag.;as.s...a*

Our TWPS system of the banyan-hypercube consists of
three steps:

stepl - Computation of the size of the partition

required for the incoming task.

step2 - Allocation of a partition to the incoming task.

step3 - Recombining partitions which have been

released when tasks complete their execution. or
partitions resulting from splitting larger parmitions
during the allocation step.

4.1 Computation of the partition size: ;

For an incoming task of size n, the computation of the siz¢
of the required partition is such that the internal fragmentanon 1¢
minimized. The logarithmic width , and the height /;of the
required partition are such that n</,2%. For a given value of n
there may be more than one solution for /; and &,. For example.
for a task of size n=57 the smallest partition to accommodate 1S
task has 64 processors which may be expressed In thrcg
different ways: ;=1 and k=6, or /,=2 and k=5, or /;=4 a"
ki=4. A preferable choice of /, and k,is such that /; i ‘hf
smallest value among all possible values. In the case of ="
that choice is ;=1 and k,=6. This is because the total m.{mbfr o
(lik))-partitions is greater than the number of (/,.k,)-partitions @
same size, \f /,</, and k>4, as shown in theorem 2.
Theorem 2: The total number of (/, k,)-partition 1s g€
than the total number of (/,.4))-partition of the same size 0.
=02k, if [i</, and k, >£,

ater
el

“-LA

A
Proof: Let p, and p, be the number of (/; k,)-partitions f‘;’;‘:
(/,.k))-partitions, respectivelv. We will prove that p, >f) -
proof is by contradiction. patn

Qase 1: /;=1. By theorem 1, the values of p, and p, ar¢ =
and (k;-/, +2)2%%;, respectively, since /=1 and /,>/, (/z‘:',“
us assume that p,;Sp,. then we have h2k4, < (k-f, *=I

Since k,<k, , it follows that 264, <2k and therefore hi“ﬁ
+2 (o1 h-1< kI, +1). Recall that -1 is the top level of "% ¢
and k;-/, +1 15 the highest possible base of (/,.kv/)-Pﬂ””,‘fmna 1he
h-1 should be greater than or equal to k-/, +1. contradictifs
fact that h-1<k,-[, +1. '

Case 2: /=1. The proof in this case is similar to case 1. P
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To compute /; and &, for a given n. the procedure FIND
and FIND_SMALLEST are given below. First the procedure
FIND computes one possible value of /, and k,, then the
procedure FIND-SMALLEST finds the value with the smallest

height.

Procedure FIND(n, [, k; )
m:integer;
m=1;
while 2<n do
l=n/2m
if [ sm+1
then
ky =m;
return:
else
m=m+1;
endif
endwhile
end FIND;

Procedure FIND-SMALLEST(/,, k;)
p.g:integer;
p=lig=k+1;
while (p</;) do

if p2a=/2k

then
l=piki=q:
return;

else
p=p+1,
g=g+1.

endif

endwhile
end FIND-SMALLEST,

The procedure FIND takes Of(logn), while
FIND-SMALLEST takes O(h). where n is the size of the
ncoming task and /4 is the height of the original network.
Therefore, the total time is O(i+logn).

4.2 Allocation algorithms
The TWPS always starts allocating partitions from the
10p available partitions in the network (i.e. high base levels).
This 1s because all the 1op partitions with a higher base can be
dlocated at smaller base level but not vice-versa. For example in
igure 2 (b) we can always allocate a (2,3)-partition either at base
Uor at base 2, but a (2,1)-partition can only be allocated at base
Once the value of /, and k, are computed, the possible
values of the base b, of the (1,,k;)-partitions are in the range from
10 ke-l+1 if [,#1, and in the range from 0 to h-1 if /=1
‘definition 1). For each value of b,. starting from the largest
value, the TWPS allocates the first free partition in the list
Pointed 10 by the entry PART[F(b,/, k,)]. If there is no
“vailable partition for anv possible value of b, then a larger
Pamlition 15 10 be searched. There are 1wo possible ways to
thoose a larger partition: (1, A partition with a larger logarithmic
*dth which when vertically split, vields cube-buddies; one of
these cube-buddies will be granted to the request. the other will
Ttlurned to the data structure; (2) A partition with a larger
“umber of levels which, when horizontally split, vields
‘“vel-buddies: one of these level-buddies will be granted to the
"quest, the other will be returned to the data structure.
trefore, two allocation strategies are considered: Cube-Buddy

(ﬁTBS;:Allocarion (CBFA) and Level-Buddy First Allocation
A
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This allocation procedure starts looking for a free (/;,k;)-
partition. for all possible values of b,, where initially /, =/, and
k; =k, If there is a free partition, then it is allocated; otherwise,
for each possible value of /; between /, and A, the logarithmic
width &; is incremented by 1 ( up to k) searching for
(li,k;)-partition. The search stops when a partition is found. If
there is no free partition, then the request is queued for later
scheduling, a topic outside the scope of this paper. The
algorithm of this strategy is given below.

Procedure CBFA(b, [ k.1, k)
/* l; and k, are the number of levels and the logarithmic width */ .
/* of the partition of the incoming task. */
/* found: flag set to true if there is an available partition */
/* If a free partition BH, is found, then it is returned */
L=l ki=k;
found=false:
compute the set B of the possible base levels b; of
(I,k))-partitions: 0<b k- {,+1 if {21 and O<b;<h-1
if /=1
while (/;i<=h) do
for each b; in B do
if there is an available partition,
BH(b,,l;,k;.2), at the base level bthen
found=true and exit. /*exit while loop */
endif
endfor
/* Look for a larger partition */
for each base level b, in B do
check all the ({.k)}-partitions, where k;<k;<k
If there is an available partition then
found=true:k;=k, :exit; /* exit while loop */
endif
endfor
li=1+1;
endwhile
if found then
SPLIT (b,1;.k)):
else
put request in the waiting queue and found=false
endif
end of CBFA;

stepl:

step 2:
step 2.1:

step 2.2:

step 3:

The performance of CBFA is dominated by step2. Step 2.1
takes O(h) since the value of b; range from 0 to h-1 (case [;=1).
Step 2.2 takes O(h.k) since finding an (/;.k;)-partition takes O(k).
Therefore, the overall time of CBFA is O(h.h.k)=0(h2k). If we
have a full Banyan-Hypercube, h=k+1. then the number of steps
becomes O(k%). If N is the number of processors, N=(k+1)2k,
then k is equal to log(N/(k+1)). henceforth, we have
Olog? (N/k)).

Level-Buddy First allocation (LBFA):

This allocation is similar to cube-buddy first allocation,
except that partitions with more levels are first searched before a
partition with a larger logarithmic width. As with CBFA, (/, .k;)-
partitions are searched. for all possible values of b,, where
initially /=1, and k;=k,. If there is a free (/,.k;)-partition, then it is
allocated; otherwise, for each possible values of k; between &,
and &, the number of levels is incremented by 1 ( up to h)
searching for an (/,.k,)-partition. The search stops when a
partition 1s found. If there is no free partition the request is
queued.

The performance of LBFA is similar to the performance of
the CBFA procedure. Step2.1 is the same in both procedures.
Step 2.1 in LBFA wkes O(h") since we looking for an




(/,,k,)-partition with larger height. The total time is then O(k.4%).
Similarly to the performance analysis of CBFA, for a full
banyan-hypercube the time becomes O(log3(N/k)).

Procedure LBFA(b, [ k; 1,k

/* I; and k, are the number of levels and the logarithmic width */
/* of the partition of the incoming task. */

/* found: flag set 10 true if there is an available partition */

/> 1f a free partition BH; is found, then it is returned */

U=l ki=k,
found=false;
stepl: compute the set B of the possible base levels b; of
(lk;)-partitions:0sb;<k-I+1 if {#1 and O<b;Sh-1
if [=1
step 2: while (k;<k) do
step 2.1: for each b, in B do
if there is an available partition,
BH(b,./;,k,,2), at the base level b; then
found=true and exit. /* exit while loop */
endif
endfor
step 2.2: for each base level b;in B do
’ check all the (I,,k;)-partitions, where
li<ligki+1-b; if the network is full; otherwise
/,‘</'Sh.
If Lécre is an available partition then
found=mxe:l,-=11: exit; /* exit while loop */
endif
endfor
k=k+1:
endwhile
step 3 if found then
SPLIT (b,,1;,k)
else
put task in the waiting queue and set found=false
endif
end of LBFA;

4.3 Splitting algorithm

The sphtting of a large partition is the same for both
allocation policies, CBFA and LBFA. Once a free partition BH;
(with cube address ak.;mak‘*", .say) is found either by CBFA

or by LBFA the splitting algorithm compares the size of BH;
with the size of the required (/,k,)-partition. If they are equal, it
allocates the partition and stops; otherwise, BH; is large and
should be split. The splitting is first done horizontally yielding a
number of partitions, one of which is of the desired height /,,
and denoted BH,. The other resulting partitions are returned to
the data structure. using the RECOMBINE procedure in the
algorithm below. If the logarithmic width of BH, is equal to &,
then BH, is allocated; otherwise it is split vertically k-k; times,
where 1sk,<k,. All the resulting partitions will be returned to the
data structure except for one partition, the one with cube address
A:=ak4/4..aklzk[./“.zkl*‘, where all the z's are O's. That partition
1s granted to the request. The splitting algorithm is given below.
The RECOMBINE procedure refers to the recombining
procedures given in the next subsection.

The complexity of the splitting algorithm is determined by
the ume of step 2 and the time of step 3. Step 2 consists of first
locating an available level_buddy partition which takes O(h) in
the worst case (case /,=1), and second calling RECOMBINE
procedure which will be shown to take O(k). Thus, step 2 takes
Oth+k1=0(k), since h<k+1. Step 3 takes O(k), the time needed
by the buddy system to split a given partition. Therefore, the
overail ume of SPLIT 1s O(k).

Procedure SPLIT(b,,/;.k;)

/* 1f BH; is large and /; > {, then let b, be the base of the */

/* required partition. The value of b, is such that be2b; and */
/*b+-1<t0p; , where topj=b;+I;-1 is the top level of the »/

/* allocated partition. Note that b, +/,-1=top, is the top leve] */

-/* of the required partition. */

top; , topy by integer,
t1opi=bi+l-1;top,=b, +1,-1;
step 1: if /;=/, and k;=k, then
allocate the partition BH(b,,/,,4;,2) and stop
endif
step 2: if /;=/, then
Find the largest value of b, such that b,<b, <k, -l +1
and topr=b+i, -1<top;. '
if top| >10p; then /* recombine upper level-buddy */
RECOMBINE(topr+1,topj-top; k)
endif
if 5,>b, then /* recombine lower level-buddy ¥/
RECOMBINE(b,,b,-b; k)
bi=br
endif
endif
step 3: if k#k, then
split vertically, using the buddy system, until k=k,.
endif
step 4: allocate BH(b,.[,.k;) 10 the incoming task..
end SPLIT;

4.4 Recombining algorithm

The third step of our partitioning system consists of
recombining released partitions with available ones in order 10
reduce the total fragmentation in the system. Since each partition
may have a cube-buddy freed partition or a level-buddy freed
parduon, two recombining policies are considered.

- r :

Recombining is repeatedly done, first on all the free cube-
buddy partitions then on the upper and lower level-buddy
partitions. Figure 7 (a) shows when the cube-buddy ﬁrs;
recombining is better. The recombining of released BH(0,2,2.2)
whose cube address is 0** with the free BH(0,2,2.2) whose
cube address is 1**, gives a partition, BH(0,2,3,2) whose cub¢
address is ***  which has 16 processors, while if we
recombined it with its upper level-buddy, we will end up with @
partition with only 12 processors.

000 001 010 011 100 101 110 m

D Free partitions
(a)

000 001 010 051 100 101 110 113 _ o
Released Partinor

(b}
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procedure CBFR(b,,1, k) '

» Let BH, be the partition to be recombined */
Ldw:bwi,ly by integer=0;
cube_buddy found, level_buddy found.

boolean=false;
aar 1,=0,0.=0,b,,=0; :
sepl  If there is a cube address of the cube-buddy partition
of BH, in the list pointed by PART[F(b,.k,./,)] then
ky=k,+1; cube_buddy found=true;
else
step2 if the upper level-buddy of BH, is in the list
pointed to by PARTI[F(b,.k,,l))], whereb=b,+l,,
and 1s/i<k,+1-b, ( 1<<h if BH, is not fall) then
I,=l) : level buddy found=true;
endif
if the lower level-buddy of BH; is in the list
pointed by PART[F(b;.k,.l;)], where 0<b;<b,-1and
li=b,-b; then
bu=by; L=l;
endif
lr=1w+1r+1u§
b,=min(b,,.b;)
endif
stepd  /* no more free partition to recombine */
if cube_buddy found=false and
level buddy_found=false then
insert the cube address of BH(b,./,.4,,2) into the
list of PART[F(b,,k,.1,)]
else
goto start
end CBFR;

The time required to recombine a partition essentially
depends on the state of the system: the available free partitions.
Inthe worst case, recombining with free cube-buddy partitions,
step 1, takes O(k) and recombining with free level_buddy, step
I, takes O(h). Therefore, the overall performance of CBFR
Procedure is O(k+h)=0(k), since hsk+1. :

Recombining is repeatedly done, first on all level-buddy
Parutions then with the cube-buddy partition. Figure 7 (b)
shows when the level-buddy recombining is better. The
"®combining of BH(1,1,2,2) whose cube address is 0**, is first
dOn;’with all the level-buddy partitions, which result in a
Partition of 12 processors. If the recombining is first performed
with the cube-buddy partition, the resulting partition will only
have 8 processors. The procedure for LBFR is similar to CBFR
except that we first start recombining with the free level_buddy
Partition (i.e. interchange step 1 and step 2 in CBER).

Procedure LBFR(b,./,.k,):
tBH, be the partition to be recombined */
Lilw.by 1, b): integer;
cube_buddy_found, level_buddy found: boolean=false;
1,=0,1,,=0,b,.=0;
if the upper level-buddy partition of BH, is in the list
pointed by PART[F(bj.k,,l )}, where b;=b,+[,, and
1SLgk,+1-b, ( 1<l<h if BA; is not full) then
L=l level_buddy_found=true;
endif
if the lower level-buddy partition of BH, is in the list
pointed by PARTIF(b,k,.1))], where 0sb,<b,-1and
li=b,-b; then
bu=b, =1, level_buddy found=true;
endif
L=l 41,
b,=min(b,,.,b,);
If level_buddy_found=false then

Stant:
Step]
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If the cube-buddy partition of BH;, is in the list
pointed by PART[F(b,.k,./,)] then
ky=k,+1; cube_buddy_found=true.
endif
endif
/* no more free partition to recombine */
if cube_buddy found=false and
level _buddy found=false then
insert the cube address of BH(b,./,.k,.2} into the list
of PART{F(b,.k,,1,)]
else
goto start
end LBFR;

step3

The time complc}city of LBFR is identical 1o the time
required by CBFR, since only step | and step 2 are interchanged
in CBFR. Thus, LBFR 1akes O(k).

Based on the different ways for allocation and
recombining, four different partitioning strategies. combining all
possible alternatives, are considered: CBFA-CBFR,
CBFA-LBFR, LBFA-CBFR, and LBFA-LBFR. Performance
metrics for partitioning are discussed next.

5-Fragmentation:

Like memory management, partitioning of parallel
architectures suffers from both internal and external
fragmentation. Allocation of partitions of predefined sizes to
incoming tasks results in internal fragmentation. External
fragmentation occurs when there is no partition large enough 1o
accommodate the incoming task, though the cumulative size of
all scattered available partitions is large enough. Both internal
and external fragmentations reduce the resource utilization.

5.1 Internal fragmentation

As requests are of arbitrary sizes. it is not alwavs possible
to find a partition that matches in size an incoming request,
therefore more processors are allocated. This results in internal
fragmentation.

The internal fragmentation is fully determined by the
network topology and the probability distribution of request
sizes. For example, in the case of banvan-hvpercubes and
hypercubes, a request of size 33<n <48, is always granted a
(3,4)-partition and a 64-cube, respectively. This vields to a 64-n
idle nodes in the case of hypercube and only 48-n in the case of
banyan-hypercubes. Therefore. internal fragmentation in BH's
is smaller than that of hypercubes. Several definitions of internal
fragmentation have been considered. One measure is defined in

[9] as:
m
Zp,(w(i)-i)
1=

2 pawli)

1=1
Where m is the maximum task size. p, is the probability that the
size of the task is i. and wri is the allocated partition size.

nternal”

5.2 External fragmentation

External fragmentaton occurs when an incoming request
cannot be satisfied. This situation is called an overfiow. The
measure of external fragmentation depends on several factors:
the size distribution of the task. the lifetime of the tasks and the
schemes used to allocate and recombine partitions in the svstem.
Similar to the two dimensional buddy svstem |7]. the external
fragmentation is defined as the ratio of the total size of available
partitions to the total svstem size. and measured when an
overflow occurs. Formally, it is defined as follows:



1
1 .
Fexlcmﬂ:l"ﬁ‘ ;w(l)'[i

i=
where 7 is the number of the tasks in the system, w(i} is the size
of the partition allocated to task i, 1; is the lifetime of task i, P is
the total size of the system and T is the total time needed by the
n tasks to finish their executions. For our simulation we use the
following formula (which is a good approximation of the one
given above) to measure the external fragmentation [7]:
(E1+Ez+....+EN)/N, where E; is the fraction of the unallocated
processors when the ith overflow occurs, and N is the number
of overflows .

5.3 Total fragmentation

The total fragmentation F,, results from the unallocated
processors in the internal fragmentation and the idle partitions in
the system. It is a weighted sum of both internal fragmentation
F;and the external fragmentation F, [9]: Fi=(1-F.).F; +F,.

6-Simulation

We have simulated the various partitioning strategies on a
BH of 1K nodes, using uniform and exponential distributions
for request sizes, and uniform distribution for task lifetime.
Since simulation results show that all four alternatives are
similar, only CBFA-CBFR is presented in this paper for both
uniform and exponential distributions. We have also simulated
the buddy system (BS) strategy on a hypercube of 1K nodes,
for comparison purposes. Internal, external and total
fragmentation were measured.

Since the BH partitions do not need to be a power of 2 like
the hypercube partitions, the intenal fragmentation in BH is
much smaller than that of hypercubes. Simulations confirm this
and show that the internal fragmentation of the buddy system on
*he hypercube is 26% while that of TWPS on the BH is only
10%, figure 8 (a) and 9 (a).

However, the BS on hypercubes demonstrates a better
external fragmentation over the TWPS on BH's. The BS on the
hypercube has an external fragmentation of 21%, whereas
TWPS has 50% on the average. But note that they become
comparable for large request sizes, as shown in figure 8 (b) and
9 (b). Furthermore, it should be noted that the external
fragmentation, unlike the internal fragmentadon, depends on the
sequence of incoming requests and their lifetime. Therefore,
external fragmentation can be reduced in various ways, for
example by using appropriate scheduling and partition
compaction {1]{2]. . )

The total fragmentation, which reflects the overall
performance, is plotted in figure 8 (c) and figure 9 (c) for
uniform and exponential distributions, respectively. As can be
seen, TWPS and BS become similar for large request sizes.

We have also simulated the effect of the network height ,
on the internal fragmentation. We concluded that the internal
fragmentation is reduced as the height gets larger. Figure 10
shows the internal fragmentation in a 4 K nodes network with
h=2 and k=11 and with h=4 and k=10, using an exponential
distribution.

7-Conclusion

We have developed various partitioning strategies and a
data structure for BH networks, and studied their performance.
Internal, external, and total fragmentation have been simulated.
The simulation results show that TWPS has a better internal
fragmentation than the BS on the hypercube. For large request
sizes the total fragmentation of BS and TWPS become similar
with a smaller internal fragmentation in BH's. We have also
shown that the internal fragmentation is reduced for BH's with
‘arger height. Future work includes the extension of these
strategies to BH's with spread larger than two. In addition, these

350

partitioning strategies will be rendered distributed to reduce
partitioning overhead.
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