
CS1311                 7th Apr 2016 

Homework 5 Solutions 

Problem 1: 

a) 

Graph G: (undirected) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Adjacency Matrix: 

 1 2 3 4 5 6 7 8 9 10 
1 0 0 1 0 1 0 1 0 0 1 
2 0 0 0 0 0 1 1 0 0 0 
3 1 0 0 0 1 0 1 1 0 0 
4 0 0 0 0 0 1 0 0 1 0 
5 1 0 1 0 0 0 1 0 0 1 
6 0 1 0 1 0 0 0 0 0 0 
7 1 1 1 0 1 0 0 1 1 0 
8 0 0 1 0 0 0 1 0 0 0 
9 0 0 0 1 0 0 1 0 0 0 
10 1 0 0 0 1 0 0 0 0 0 
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b) 

DFS: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

BFS: 
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c) 𝑌𝑌𝑌𝑌𝑌𝑌.𝑂𝑂𝑂𝑂𝑌𝑌 𝐷𝐷𝐷𝐷𝐷𝐷 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡𝑡𝑡 𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡𝑐𝑐 𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡𝑡𝑡 𝑡𝑡ℎ𝑌𝑌 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑐𝑐𝑜𝑜 𝑡𝑡ℎ𝑌𝑌 𝐺𝐺𝑡𝑡𝑡𝑡𝐺𝐺ℎ 𝑖𝑖𝑂𝑂𝑡𝑡𝑐𝑐 𝑡𝑡 𝑌𝑌𝑖𝑖𝑂𝑂𝑠𝑠𝑡𝑡𝑌𝑌 𝑡𝑡𝑡𝑡𝑌𝑌𝑌𝑌. 

d) 𝑌𝑌𝑌𝑌𝑌𝑌.𝑁𝑁𝑐𝑐𝑐𝑐𝑌𝑌/𝑉𝑉𝑌𝑌𝑡𝑡𝑡𝑡𝑌𝑌𝑉𝑉 7. 

e) 𝑌𝑌𝑌𝑌𝑌𝑌.𝐸𝐸𝑐𝑐𝑡𝑡𝑌𝑌𝑡𝑡𝑖𝑖𝑡𝑡𝑂𝑂 𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡𝑌𝑌 (𝑡𝑡𝑌𝑌 𝑡𝑡 𝑌𝑌𝑌𝑌𝑠𝑠𝑐𝑐𝑌𝑌𝑂𝑂𝑐𝑐𝑌𝑌 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌): 1, 10, 5, 1, 3, 5, 7, 8, 3, 7, 2, 6, 4, 9, 7, 1. It traverses 
all the edges, once per edge. 

f) 
𝑁𝑁𝑐𝑐.𝐵𝐵𝑌𝑌𝑐𝑐𝑡𝑡𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡ℎ𝑌𝑌 𝑠𝑠𝑡𝑡𝑡𝑡𝐺𝐺ℎ 𝐺𝐺 𝑡𝑡𝑎𝑎𝑐𝑐𝑡𝑡𝑌𝑌 ℎ𝑡𝑡𝑌𝑌 𝑡𝑡𝑂𝑂 𝑡𝑡𝑡𝑡𝑡𝑡𝑖𝑖𝑐𝑐𝑐𝑐𝑡𝑡𝑡𝑡𝑡𝑡𝑖𝑖𝑐𝑐𝑂𝑂 𝐺𝐺𝑐𝑐𝑖𝑖𝑂𝑂𝑡𝑡 𝑡𝑡𝑂𝑂𝑐𝑐 𝑡𝑡ℎ𝑐𝑐𝑌𝑌 𝑐𝑐𝑡𝑡𝑂𝑂𝑂𝑂𝑐𝑐𝑡𝑡 ℎ𝑡𝑡𝑡𝑡𝑌𝑌 𝑡𝑡 𝐻𝐻𝑡𝑡𝐻𝐻𝑖𝑖𝑡𝑡𝑡𝑡𝑐𝑐𝑂𝑂𝑖𝑖𝑡𝑡𝑂𝑂 𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡𝑌𝑌.   

 

Problem 2: 

a)  

 

b) 𝐷𝐷𝑖𝑖𝑡𝑡𝐻𝐻𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 = 4, because d(4,10)=4 and no pair of nodes are more than 4 edges apart. 

c) 

 

d) 𝐶𝐶𝑌𝑌𝑂𝑂𝑡𝑡𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝐺𝐺 = 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌 7, because the radius of G relative to node 7 is 2, and is the smallest radius. 

Problem 3: 

a) Graph G: (directed) 

 

 

 

 

 

 

 

 

 

 

 

 

 

u 1 2 3 4 5 6 7 8 9 10 
d(1,u) 0 2 1 3 1 3 1 2 2 1 

u 1 2 3 4 5 6 7 8 9 10 
r(u) 3 3 3 4 3 4 2 3 3 4 

1 

5 

3 

9 
7 

2 

8 

6 

10 

4 



 

 

Adjacency Matrix: 

 1 2 3 4 5 6 7 8 9 10 
1 0 0 1 0 1 0 0 0 0 0 
2 0 0 0 0 0 1 0 0 0 0 
3 0 0 0 0 1 0 1 1 0 0 
4 0 0 0 0 0 0 0 0 1 0 
5 0 0 0 0 0 0 1 0 0 1 
6 0 0 0 1 0 0 0 0 0 0 
7 1 1 0 0 0 0 0 0 0 0 
8 0 0 0 0 0 0 1 0 0 0 
9 0 0 0 0 0 0 1 0 0 0 
10 1 0 0 0 0 0 0 0 0 0 
 

b) 

 1 2 3 4 5 6 7 8 9 10 
In-degree 2 1 1 1 2 1 4 1 1 1 
Out-degree 2 1 3 1 2 1 2 1 1 1 
 

c)  

1:𝑡𝑡𝑡𝑡𝑡𝑡 (2, 3, 4, 5, 6, 7, 8, 9, 10) 

2:𝑡𝑡𝑡𝑡𝑡𝑡 (1, 3, 4, 5, 6, 7, 8, 9, 10) 

3:𝑡𝑡𝑡𝑡𝑡𝑡 (1, 2, 4, 5, 6, 7, 8, 9, 10) 

4:𝑡𝑡𝑡𝑡𝑡𝑡 (1, 2, 3, 5, 6, 7, 8, 9, 10) 

5:𝑡𝑡𝑡𝑡𝑡𝑡 (1, 2, 3, 4, 6, 7, 8, 9, 10) 

6:𝑡𝑡𝑡𝑡𝑡𝑡 (1, 2, 3, 4, 5, 7, 8, 9, 10) 

7:𝑡𝑡𝑡𝑡𝑡𝑡 (1, 2, 3, 4, 5, 6, 8, 9, 10) 

8:𝑡𝑡𝑡𝑡𝑡𝑡 (1, 2, 3, 4, 5, 6, 7, 9, 10) 

9:𝑡𝑡𝑡𝑡𝑡𝑡 (1, 2, 3, 4, 5, 6, 7, 8, 10) 

10:𝑡𝑡𝑡𝑡𝑡𝑡 (1, 2, 3, 4, 5, 6, 7, 8, 9) 

𝑌𝑌𝑌𝑌𝑌𝑌,𝐺𝐺 𝑖𝑖𝑌𝑌 𝐷𝐷𝑡𝑡𝑡𝑡𝑐𝑐𝑂𝑂𝑠𝑠𝑡𝑡𝑐𝑐 𝑐𝑐𝑐𝑐𝑂𝑂𝑂𝑂𝑌𝑌𝑐𝑐𝑡𝑡𝑌𝑌𝑐𝑐 𝑎𝑎𝑌𝑌𝑐𝑐𝑡𝑡𝑐𝑐𝑌𝑌𝑌𝑌 𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡𝑐𝑐 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌 𝑐𝑐𝑡𝑡𝑂𝑂 𝑡𝑡𝑌𝑌𝑡𝑡𝑐𝑐ℎ 𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡𝑐𝑐 𝑐𝑐𝑡𝑡ℎ𝑌𝑌𝑡𝑡 𝑂𝑂 

 

d) No, because otherwise every node in G would have to be of out-degree 5, but  G has a node of out-
degree 1 ≠ 5.  



e) 
𝑁𝑁𝑐𝑐.𝐺𝐺 𝑖𝑖𝑌𝑌 𝑌𝑌𝑡𝑡𝑡𝑡𝑐𝑐𝑂𝑂𝑠𝑠𝑡𝑡𝑐𝑐 𝑐𝑐𝑐𝑐𝑂𝑂𝑂𝑂𝑌𝑌𝑐𝑐𝑡𝑡𝑌𝑌𝑐𝑐 ⟹ 𝐴𝐴𝑂𝑂𝑐𝑐 𝑐𝑐𝑖𝑖𝑠𝑠𝑡𝑡𝑡𝑡𝐺𝐺ℎ 𝐼𝐼𝑌𝑌𝑐𝑐𝐻𝐻𝑐𝑐𝑡𝑡𝐺𝐺ℎ𝑖𝑖𝑐𝑐 𝑡𝑡𝑐𝑐 𝐺𝐺 𝐻𝐻𝑐𝑐𝑌𝑌𝑡𝑡 𝑡𝑡𝑡𝑡𝑌𝑌𝑐𝑐 𝑎𝑎𝑌𝑌 𝐷𝐷𝑡𝑡𝑡𝑡𝑐𝑐𝑂𝑂𝑠𝑠𝑡𝑡𝑐𝑐 𝑐𝑐𝑐𝑐𝑂𝑂𝑂𝑂𝑌𝑌𝑐𝑐𝑡𝑡𝑌𝑌𝑐𝑐. 

 

Problem 4: 

a) 

𝐶𝐶𝑡𝑡𝑡𝑡𝑖𝑖𝐻𝐻:𝑁𝑁𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑖𝑖𝑂𝑂 𝑡𝑡 𝐺𝐺𝑌𝑌𝑡𝑡𝑜𝑜𝑌𝑌𝑐𝑐𝑡𝑡 𝑎𝑎𝑖𝑖𝑂𝑂𝑡𝑡𝑡𝑡𝑐𝑐 𝑡𝑡𝑡𝑡𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖 = 2𝑖𝑖.𝑃𝑃𝑡𝑡𝑐𝑐𝑐𝑐𝑜𝑜 𝑎𝑎𝑐𝑐 𝑖𝑖𝑂𝑂𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡𝑖𝑖𝑐𝑐𝑂𝑂: 

𝐵𝐵𝑡𝑡𝑌𝑌𝑖𝑖𝑌𝑌 𝑌𝑌𝑡𝑡𝑌𝑌𝐺𝐺: 𝑖𝑖 = 0,  

𝐴𝐴𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 0, 𝑐𝑐𝑂𝑂𝑡𝑡𝑐𝑐 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌 𝑖𝑖𝑌𝑌 𝑅𝑅𝑐𝑐𝑐𝑐𝑡𝑡.  ∴ 𝑂𝑂𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 0 𝑖𝑖𝑌𝑌 1 = 20 

∴ 𝑁𝑁𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖𝑌𝑌 2𝑖𝑖𝑜𝑜𝑐𝑐𝑡𝑡 𝑖𝑖 = 0 

 

𝐼𝐼𝑂𝑂𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡𝑖𝑖𝑐𝑐𝑂𝑂 𝑌𝑌𝑡𝑡𝑌𝑌𝐺𝐺:𝐴𝐴𝑌𝑌𝑌𝑌𝑐𝑐𝐻𝐻𝑌𝑌 𝑡𝑡ℎ𝑡𝑡𝑡𝑡 𝑁𝑁𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖 − 1 = 2𝑖𝑖−1(𝑡𝑡ℎ𝑌𝑌 𝑖𝑖𝑂𝑂𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡𝑖𝑖𝑐𝑐𝑂𝑂 ℎ𝑐𝑐𝐺𝐺𝑐𝑐𝑡𝑡ℎ𝑌𝑌𝑌𝑌𝑖𝑖𝑌𝑌) 

𝑃𝑃𝑡𝑡𝑐𝑐𝑡𝑡𝑌𝑌 𝑡𝑡ℎ𝑡𝑡𝑡𝑡 𝑡𝑡ℎ𝑌𝑌 𝑂𝑂𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖 = 2𝑖𝑖 

𝑁𝑁𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖 =
(𝑂𝑂𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖 − 1) ∗ 2     𝑎𝑎𝑌𝑌𝑐𝑐𝑡𝑡𝑐𝑐𝑌𝑌𝑌𝑌 𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡𝑐𝑐 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖 − 1 has 2 children 

       =  2𝑖𝑖−1 ∗ 2 = 2𝑖𝑖 

∴ 𝑁𝑁𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑖𝑖𝑂𝑂 𝑡𝑡 𝐺𝐺𝑌𝑌𝑡𝑡𝑜𝑜𝑌𝑌𝑐𝑐𝑡𝑡 𝑎𝑎𝑖𝑖𝑂𝑂𝑡𝑡𝑡𝑡𝑐𝑐 𝑡𝑡𝑡𝑡𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖 = 2𝑖𝑖,∀ 𝑖𝑖 ≥ 0 

 

𝑁𝑁𝑐𝑐𝑁𝑁,𝑇𝑇𝑐𝑐𝑡𝑡𝑡𝑡𝑡𝑡 𝑂𝑂𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑖𝑖𝑂𝑂 𝑡𝑡ℎ𝑌𝑌 𝐺𝐺𝑌𝑌𝑡𝑡𝑜𝑜𝑌𝑌𝑐𝑐𝑡𝑡 𝑎𝑎𝑖𝑖𝑂𝑂𝑡𝑡𝑡𝑡𝑐𝑐 𝑡𝑡𝑡𝑡𝑌𝑌𝑌𝑌 (𝑂𝑂) is: 

            𝑂𝑂 =  ∑ 𝑂𝑂𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑖𝑖𝑘𝑘−1
𝑖𝑖=0 = ∑ 2𝑖𝑖𝑘𝑘−1

𝑖𝑖=0  

                = 2(𝑘𝑘−1)+1−1
2−1

 

               = 2𝑘𝑘 − 1 

∴ 𝑇𝑇ℎ𝑌𝑌 𝑂𝑂𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑖𝑖𝑂𝑂 𝑡𝑡 𝐺𝐺𝑌𝑌𝑡𝑡𝑜𝑜𝑌𝑌𝑐𝑐𝑡𝑡 𝑎𝑎𝑖𝑖𝑂𝑂𝑡𝑡𝑡𝑡𝑐𝑐 𝑡𝑡𝑡𝑡𝑌𝑌𝑌𝑌 𝑐𝑐𝑜𝑜 𝑘𝑘 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌 𝑖𝑖𝑌𝑌 2𝑘𝑘 − 1. 

 

b)  

𝐶𝐶𝑡𝑡𝑡𝑡𝑖𝑖𝐻𝐻:𝑁𝑁𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑖𝑖𝑂𝑂 𝑡𝑡  2-3 𝑡𝑡𝑡𝑡𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖 𝑖𝑖𝑌𝑌 𝑎𝑎𝑌𝑌𝑡𝑡𝑁𝑁𝑌𝑌𝑌𝑌𝑂𝑂 2𝑖𝑖𝑡𝑡𝑂𝑂𝑐𝑐 3𝑖𝑖𝑖𝑖𝑂𝑂𝑐𝑐𝑡𝑡𝑐𝑐𝑌𝑌𝑖𝑖𝑡𝑡𝑌𝑌, 𝑖𝑖. 𝑌𝑌., 

2𝑖𝑖 ≤ 𝑁𝑁𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖 ≤ 3𝑖𝑖.𝑃𝑃𝑡𝑡𝑐𝑐𝑐𝑐𝑜𝑜 𝑎𝑎𝑐𝑐 𝑖𝑖𝑂𝑂𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡𝑖𝑖𝑐𝑐𝑂𝑂: 

𝐵𝐵𝑡𝑡𝑌𝑌𝑖𝑖𝑌𝑌 𝑌𝑌𝑡𝑡𝑌𝑌𝐺𝐺: 𝑖𝑖 = 0, 2𝑖𝑖 = 20 = 1 𝑡𝑡𝑂𝑂𝑐𝑐 3𝑖𝑖 = 30 = 1 

𝐴𝐴𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 0, 𝑡𝑡ℎ𝑌𝑌 𝑐𝑐𝑂𝑂𝑡𝑡𝑐𝑐 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌 𝑖𝑖𝑌𝑌 𝑅𝑅𝑐𝑐𝑐𝑐𝑡𝑡,𝑡𝑡𝑂𝑂𝑐𝑐 20 ≤ 1 ≤ 30 

∴ 2𝑖𝑖 ≤ 𝑁𝑁𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖 ≤ 3𝑖𝑖,𝑜𝑜𝑐𝑐𝑡𝑡 𝑖𝑖 = 0 



 

𝐼𝐼𝑂𝑂𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡𝑖𝑖𝑐𝑐𝑂𝑂 𝑌𝑌𝑡𝑡𝑌𝑌𝐺𝐺:𝐴𝐴𝑌𝑌𝑌𝑌𝑐𝑐𝐻𝐻𝑌𝑌 𝑡𝑡ℎ𝑡𝑡𝑡𝑡, 2𝑖𝑖−1 ≤ 𝑁𝑁𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 (𝑖𝑖 − 1)
≤ 3𝑖𝑖−1 (𝑡𝑡ℎ𝑌𝑌 𝑖𝑖𝑂𝑂𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡𝑖𝑖𝑐𝑐𝑂𝑂 ℎ𝑐𝑐𝐺𝐺𝑐𝑐𝑡𝑡ℎ𝑌𝑌𝑌𝑌𝑖𝑖𝑌𝑌). 

𝑃𝑃𝑡𝑡𝑐𝑐𝑡𝑡𝑌𝑌 𝑡𝑡ℎ𝑡𝑡𝑡𝑡: 2𝑖𝑖 ≤ 𝑁𝑁𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖 ≤ 3𝑖𝑖  

 

𝑊𝑊𝑌𝑌 ℎ𝑡𝑡𝑡𝑡𝑌𝑌 ∶ 

• 𝑡𝑡𝑐𝑐𝑡𝑡𝑡𝑡𝑡𝑡 𝑂𝑂𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖 − 1 𝑖𝑖𝑌𝑌 ≥  2𝑖𝑖−1𝑡𝑡𝑂𝑂𝑐𝑐 𝑌𝑌𝑡𝑡𝑐𝑐ℎ 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌 ℎ𝑡𝑡𝑌𝑌 ≥   2 𝑐𝑐ℎ𝑖𝑖𝑡𝑡𝑐𝑐 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌.  
𝑇𝑇ℎ𝑌𝑌𝑡𝑡𝑌𝑌𝑜𝑜𝑐𝑐𝑡𝑡𝑌𝑌, 𝑡𝑡ℎ𝑌𝑌 𝑂𝑂𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖 𝑖𝑖𝑌𝑌 ≥  2 ∗ 2𝑖𝑖−1 =  2𝑖𝑖 . 

• 𝑡𝑡𝑐𝑐𝑡𝑡𝑡𝑡𝑡𝑡 𝑂𝑂𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖 − 1 𝑖𝑖𝑌𝑌 ≤  3𝑖𝑖−1𝑡𝑡𝑂𝑂𝑐𝑐 𝑌𝑌𝑡𝑡𝑐𝑐ℎ 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌 ℎ𝑡𝑡𝑌𝑌  ≤   3 𝑐𝑐ℎ𝑖𝑖𝑡𝑡𝑐𝑐 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌.  
𝑇𝑇ℎ𝑌𝑌𝑡𝑡𝑌𝑌𝑜𝑜𝑐𝑐𝑡𝑡𝑌𝑌, 𝑡𝑡ℎ𝑌𝑌 𝑂𝑂𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖 𝑖𝑖𝑌𝑌 ≤   3 ∗ 3𝑖𝑖−1 =  3𝑖𝑖 . 

⟹ 2𝑖𝑖 ≤ 𝑁𝑁𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑡𝑡 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡 𝑖𝑖 ≤ 3𝑖𝑖 

𝑁𝑁𝑐𝑐𝑁𝑁,𝑇𝑇𝑐𝑐𝑡𝑡𝑡𝑡𝑡𝑡 𝑂𝑂𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑂𝑂 𝑖𝑖𝑂𝑂  a 2-3 𝑡𝑡𝑡𝑡𝑌𝑌𝑌𝑌 𝑁𝑁𝑖𝑖𝑡𝑡ℎ 𝑘𝑘 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌 𝑌𝑌𝑡𝑡𝑡𝑡𝑖𝑖𝑌𝑌𝑜𝑜𝑖𝑖𝑌𝑌𝑌𝑌 ∑ 2𝑖𝑖𝑘𝑘−1
𝑖𝑖=0 ≤ 𝑂𝑂 ≤  ∑ 3𝑖𝑖𝑘𝑘−1

𝑖𝑖=0  

⟹
2(𝑘𝑘−1)+1 − 1

2 − 1
≤ 𝑂𝑂 ≤

3(𝑘𝑘−1)+1 − 1
3 − 1

⟹ 2𝑘𝑘 − 1 ≤ 𝑂𝑂 ≤
3𝑘𝑘 − 1

2
 

∴ 𝐼𝐼𝑂𝑂 𝑡𝑡 2 − 3 𝑡𝑡𝑡𝑡𝑌𝑌𝑌𝑌 𝑐𝑐𝑜𝑜 𝑂𝑂 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑂𝑂𝑐𝑐 𝑘𝑘 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌,𝑁𝑁𝑌𝑌 𝐻𝐻𝑐𝑐𝑌𝑌𝑡𝑡 ℎ𝑡𝑡𝑡𝑡𝑌𝑌 2𝑘𝑘 − 1 ≤ 𝑂𝑂 ≤
3𝑘𝑘 − 1

2
 

 

Problem 5: 

a) 

 

 

 

 

 

b) 𝐴𝐴 𝐺𝐺𝑌𝑌𝑡𝑡𝑜𝑜𝑌𝑌𝑐𝑐𝑡𝑡 𝑎𝑎𝑖𝑖𝑂𝑂𝑡𝑡𝑡𝑡𝑐𝑐 𝑡𝑡𝑡𝑡𝑌𝑌𝑌𝑌 𝑁𝑁𝑖𝑖𝑡𝑡ℎ 𝑘𝑘 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌 ℎ𝑡𝑡𝑌𝑌 2𝑘𝑘 − 1 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌.  𝑇𝑇ℎ𝑌𝑌𝑡𝑡𝑌𝑌𝑜𝑜𝑐𝑐𝑡𝑡𝑌𝑌, 𝑡𝑡ℎ𝑌𝑌 𝑂𝑂𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑐𝑐𝑜𝑜 
perfect binary trees can only be: 1, 3, 7, 15, 31, etc., in particular, it cannot be 10. 

 

c)  

 

 

 



 

d) 𝑈𝑈𝑌𝑌𝑖𝑖𝑂𝑂𝑠𝑠 4𝑎𝑎, 2 − 3 𝑡𝑡𝑡𝑡𝑌𝑌𝑌𝑌 𝑐𝑐𝑜𝑜 3 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌 𝑁𝑁𝑖𝑖𝑡𝑡𝑡𝑡 ℎ𝑡𝑡𝑡𝑡𝑌𝑌 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑎𝑎𝑌𝑌𝑡𝑡𝑁𝑁𝑌𝑌𝑌𝑌𝑂𝑂 23 − 1 𝑡𝑡𝑂𝑂𝑐𝑐 33−1
2

⟹ 7 ≤ 𝑂𝑂 ≤ 13.  

𝐵𝐵𝑐𝑐𝑡𝑡 13 < 15, 𝑌𝑌𝑐𝑐, 𝑖𝑖𝑡𝑡 𝑖𝑖𝑌𝑌 𝑂𝑂𝑐𝑐𝑡𝑡 𝐺𝐺𝑐𝑐𝑌𝑌𝑌𝑌𝑖𝑖𝑎𝑎𝑡𝑡𝑌𝑌 𝑡𝑡𝑐𝑐 ℎ𝑡𝑡𝑡𝑡𝑌𝑌 𝑡𝑡 2 − 3 𝑐𝑐𝑜𝑜 3 𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌𝑡𝑡𝑌𝑌 𝑁𝑁𝑖𝑖𝑡𝑡ℎ 15 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌. 

 

e) 𝑁𝑁𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑌𝑌𝑐𝑐𝑠𝑠𝑌𝑌𝑌𝑌 𝑖𝑖𝑂𝑂 𝑡𝑡 𝑡𝑡𝑡𝑡𝑌𝑌𝑌𝑌 = 𝑂𝑂𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 − 1.  

𝑇𝑇ℎ𝑌𝑌𝑡𝑡𝑌𝑌𝑜𝑜𝑐𝑐𝑡𝑡𝑌𝑌 𝑖𝑖𝑡𝑡 𝑖𝑖𝑌𝑌 𝑂𝑂𝑐𝑐𝑡𝑡 𝐺𝐺𝑐𝑐𝑌𝑌𝑌𝑌𝑖𝑖𝑎𝑎𝑡𝑡𝑌𝑌 𝑡𝑡𝑐𝑐 ℎ𝑡𝑡𝑡𝑡𝑌𝑌 𝑡𝑡 𝑡𝑡𝑡𝑡𝑌𝑌𝑌𝑌 𝑁𝑁𝑖𝑖𝑡𝑡ℎ 10 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌 𝑡𝑡𝑂𝑂𝑐𝑐 12 𝑌𝑌𝑐𝑐𝑠𝑠𝑌𝑌𝑌𝑌 𝑎𝑎𝑌𝑌𝑐𝑐𝑡𝑡𝑐𝑐𝑌𝑌𝑌𝑌 12 ≠ 10 − 1. 

f)  

 

 

 

 

g) There can’t be a tree with 10 nodes where there are at least 3 internal nodes and each internal node 
has 4 children. The reason is that the 3 (or more) internal nodes have 4 children each (and can’t share 
children),implying that those three nodes have a total of 12 children, exceeding the 10 allowed nodes. 

 

Bonus Problem: 

𝐵𝐵𝑡𝑡𝑌𝑌𝑖𝑖𝑌𝑌 𝑌𝑌𝑡𝑡𝑌𝑌𝐺𝐺: 𝑘𝑘 = 0. one-node 𝑡𝑡𝑡𝑡𝑌𝑌𝑌𝑌 (𝑡𝑡𝑐𝑐𝑐𝑐𝑡𝑡 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌 𝑐𝑐𝑂𝑂𝑡𝑡𝑐𝑐) ⟹𝑁𝑁𝑐𝑐. 𝑐𝑐𝑜𝑜 𝑡𝑡𝑌𝑌𝑡𝑡𝑡𝑡𝑌𝑌𝑌𝑌 = 1 = 0 + 1 = 𝑘𝑘 + 1 

𝐼𝐼𝑂𝑂𝑐𝑐𝑐𝑐𝑐𝑐𝑡𝑡𝑖𝑖𝑐𝑐𝑂𝑂 𝑌𝑌𝑡𝑡𝑌𝑌𝐺𝐺:𝐴𝐴𝑌𝑌𝑌𝑌𝑐𝑐𝐻𝐻𝑌𝑌 𝑜𝑜𝑐𝑐𝑡𝑡 𝑡𝑡𝑂𝑂𝑐𝑐 𝑜𝑜𝑐𝑐𝑡𝑡𝑡𝑡 𝑎𝑎𝑖𝑖𝑂𝑂𝑡𝑡𝑡𝑡𝑐𝑐 𝑡𝑡𝑡𝑡𝑌𝑌𝑌𝑌 𝑐𝑐𝑜𝑜 𝑘𝑘 − 1 𝑖𝑖𝑂𝑂𝑡𝑡𝑌𝑌𝑡𝑡𝑂𝑂𝑡𝑡𝑡𝑡 𝑂𝑂𝑐𝑐𝑐𝑐𝑌𝑌𝑌𝑌,𝑂𝑂𝑐𝑐𝐻𝐻𝑎𝑎𝑌𝑌𝑡𝑡 𝑐𝑐𝑜𝑜 𝑡𝑡𝑌𝑌𝑡𝑡𝑡𝑡𝑌𝑌𝑌𝑌
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