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𝛼𝛼 𝑅𝑅 𝛽𝛽 ⟹ 𝛼𝛼 𝑡𝑡𝑡𝑡𝑎𝑎 𝛽𝛽 ℎ𝑡𝑡𝑟𝑟𝑟𝑟 𝑠𝑠ℎ𝑟𝑟 𝑖𝑖𝑡𝑡𝑠𝑠𝑟𝑟 𝑟𝑟𝑖𝑖𝑟𝑟𝑖𝑖𝑠𝑠 𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟 (𝑟𝑟𝑒𝑒𝑒𝑒𝑡𝑡𝑟𝑟 𝑡𝑡𝑡𝑡𝑎𝑎 𝑖𝑖𝑡𝑡𝑠𝑠𝑟𝑟 𝑠𝑠𝑡𝑡𝑖𝑖𝑟𝑟)
⟹ 𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎 𝛼𝛼 ℎ𝑡𝑡𝑟𝑟𝑟𝑟 𝑠𝑠ℎ𝑟𝑟 𝑖𝑖𝑡𝑡𝑠𝑠𝑟𝑟 𝑟𝑟𝑖𝑖𝑟𝑟𝑖𝑖𝑠𝑠 𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟 ⟹  𝛽𝛽 𝑅𝑅 𝛼𝛼 
∴ 𝑅𝑅 𝑖𝑖𝑖𝑖 𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑠𝑠𝑟𝑟𝑖𝑖𝑠𝑠. 

 
𝛼𝛼 𝑅𝑅 𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎 𝛽𝛽 𝑅𝑅 𝛾𝛾  

⟹  𝛼𝛼 𝑡𝑡𝑡𝑡𝑎𝑎 𝛽𝛽 ℎ𝑡𝑡𝑟𝑟𝑟𝑟 𝑠𝑠ℎ𝑟𝑟 𝑖𝑖𝑡𝑡𝑠𝑠𝑟𝑟 𝑟𝑟𝑖𝑖𝑟𝑟𝑖𝑖𝑠𝑠 𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟 𝑡𝑡𝑡𝑡𝑎𝑎  
𝑡𝑡𝑟𝑟𝑖𝑖𝑒𝑒 𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎 𝛾𝛾 ℎ𝑡𝑡𝑟𝑟𝑟𝑟 𝑠𝑠ℎ𝑟𝑟 𝑖𝑖𝑡𝑡𝑠𝑠𝑟𝑟 𝑟𝑟𝑖𝑖𝑟𝑟𝑖𝑖𝑠𝑠 𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟.  
⟹  𝛼𝛼 𝑡𝑡𝑡𝑡𝑎𝑎 𝛾𝛾 ℎ𝑡𝑡𝑟𝑟𝑟𝑟 𝑠𝑠ℎ𝑟𝑟 𝑖𝑖𝑡𝑡𝑠𝑠𝑟𝑟 𝑟𝑟𝑖𝑖𝑟𝑟𝑖𝑖𝑠𝑠 𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟 ⟹  𝛼𝛼 𝑅𝑅 𝛾𝛾 ∴ 𝑅𝑅 𝑖𝑖𝑖𝑖 𝑠𝑠𝑟𝑟𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖𝑠𝑠𝑖𝑖𝑟𝑟𝑟𝑟. 

 
𝑆𝑆𝑖𝑖𝑡𝑡𝑠𝑠𝑟𝑟 𝑅𝑅 𝑖𝑖𝑖𝑖 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟, 𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑠𝑠𝑟𝑟𝑖𝑖𝑠𝑠 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠𝑟𝑟𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖𝑠𝑠𝑖𝑖𝑟𝑟𝑟𝑟, 𝑅𝑅 𝑖𝑖𝑖𝑖 𝑡𝑡𝑡𝑡 𝑟𝑟𝑒𝑒𝑒𝑒𝑖𝑖𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟𝑡𝑡𝑠𝑠𝑟𝑟 𝑟𝑟𝑟𝑟𝑟𝑟𝑡𝑡𝑠𝑠𝑖𝑖𝑒𝑒𝑡𝑡. 

 
ii) # 𝐸𝐸𝑒𝑒𝑒𝑒𝑖𝑖𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟𝑡𝑡𝑠𝑠𝑟𝑟 𝑠𝑠𝑟𝑟𝑡𝑡𝑖𝑖𝑖𝑖𝑟𝑟𝑖𝑖 =

26 (𝑟𝑟𝑒𝑒𝑣𝑣𝑟𝑟𝑟𝑟 𝑠𝑠𝑡𝑡𝑖𝑖𝑟𝑟 𝑟𝑟𝑡𝑡𝑎𝑎𝑟𝑟𝑖𝑖𝑖𝑖ℎ 𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟𝑖𝑖 ) + 26 (𝑒𝑒𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟 𝑠𝑠𝑡𝑡𝑖𝑖𝑟𝑟 𝑟𝑟𝑡𝑡𝑎𝑎𝑟𝑟𝑖𝑖𝑖𝑖ℎ 𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟𝑖𝑖) = 52 
 

iii) 𝑆𝑆𝑟𝑟𝑠𝑠 𝑒𝑒𝑟𝑟 𝑡𝑡𝑟𝑟𝑟𝑟 𝑖𝑖𝑠𝑠𝑟𝑟𝑖𝑖𝑡𝑡𝑎𝑎𝑖𝑖 𝑣𝑣ℎ𝑖𝑖𝑠𝑠ℎ ℎ𝑡𝑡𝑟𝑟𝑟𝑟 𝑠𝑠ℎ𝑟𝑟 𝑖𝑖𝑡𝑡𝑠𝑠𝑟𝑟 𝑟𝑟𝑖𝑖𝑟𝑟𝑖𝑖𝑠𝑠 𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟 𝑡𝑡𝑖𝑖 𝑖𝑖𝑡𝑡 𝑠𝑠ℎ𝑟𝑟 𝑖𝑖𝑠𝑠𝑟𝑟𝑖𝑖𝑡𝑡𝑎𝑎 "𝑡𝑡𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟" 𝑣𝑣ℎ𝑖𝑖𝑠𝑠ℎ 𝑖𝑖𝑖𝑖 "𝑡𝑡" 
 

b)  
i) 𝛼𝛼 𝑅𝑅 𝛼𝛼?  𝛼𝛼 𝑠𝑠𝑒𝑒𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑝𝑝𝑒𝑒𝑡𝑡𝑎𝑎 𝑠𝑠𝑒𝑒 𝑡𝑡 𝑟𝑟𝑒𝑒𝑣𝑣𝑟𝑟𝑟𝑟𝑠𝑠𝑡𝑡𝑖𝑖𝑟𝑟 𝑖𝑖𝑠𝑠𝑟𝑟𝑖𝑖𝑡𝑡𝑎𝑎 𝑡𝑡𝑖𝑖 𝑖𝑖𝑠𝑠𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟.⟹  𝛼𝛼 𝑅𝑅 𝛼𝛼.∴ 𝑅𝑅 𝑖𝑖𝑖𝑖 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟 

 
𝛼𝛼 𝑅𝑅 𝛽𝛽 ⟹ 𝛼𝛼 𝑡𝑡𝑡𝑡𝑎𝑎 𝛽𝛽 𝑠𝑠𝑒𝑒𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑝𝑝𝑒𝑒𝑡𝑡𝑎𝑎 𝑠𝑠𝑒𝑒 𝑠𝑠ℎ𝑟𝑟 𝑖𝑖𝑡𝑡𝑠𝑠𝑟𝑟 𝑟𝑟𝑒𝑒𝑣𝑣𝑟𝑟𝑟𝑟𝑠𝑠𝑡𝑡𝑖𝑖𝑟𝑟 𝑖𝑖𝑠𝑠𝑟𝑟𝑖𝑖𝑡𝑡𝑎𝑎

⟹ 𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎 𝛼𝛼 𝑠𝑠𝑒𝑒𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑝𝑝𝑒𝑒𝑡𝑡𝑎𝑎 𝑠𝑠𝑒𝑒 𝑠𝑠ℎ𝑡𝑡𝑠𝑠 𝑖𝑖𝑡𝑡𝑠𝑠𝑟𝑟 𝑟𝑟𝑒𝑒𝑣𝑣𝑟𝑟𝑟𝑟𝑠𝑠𝑡𝑡𝑖𝑖𝑟𝑟 𝑖𝑖𝑠𝑠𝑟𝑟𝑖𝑖𝑡𝑡𝑎𝑎 ⟹  𝛽𝛽 𝑅𝑅 𝛼𝛼 
∴ 𝑅𝑅 𝑖𝑖𝑖𝑖 𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑠𝑠𝑟𝑟𝑖𝑖𝑠𝑠. 

 
𝛼𝛼 𝑅𝑅 𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎 𝛽𝛽 𝑅𝑅 𝛾𝛾 
⟹  𝛼𝛼 𝑡𝑡𝑡𝑡𝑎𝑎 𝛽𝛽 𝑠𝑠𝑒𝑒𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑝𝑝𝑒𝑒𝑡𝑡𝑎𝑎 𝑠𝑠𝑒𝑒 𝑠𝑠ℎ𝑟𝑟 𝑖𝑖𝑡𝑡𝑠𝑠𝑟𝑟 𝑟𝑟𝑒𝑒𝑣𝑣𝑟𝑟𝑟𝑟𝑠𝑠𝑡𝑡𝑖𝑖𝑟𝑟 𝑖𝑖𝑠𝑠𝑟𝑟𝑖𝑖𝑡𝑡𝑎𝑎 𝑡𝑡𝑡𝑡𝑎𝑎 𝑖𝑖𝑒𝑒 𝑎𝑎𝑒𝑒 𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎 𝛾𝛾  
⟹  𝛼𝛼 𝑡𝑡𝑡𝑡𝑎𝑎 𝛾𝛾 𝑠𝑠𝑒𝑒𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑝𝑝𝑒𝑒𝑡𝑡𝑎𝑎 𝑠𝑠𝑒𝑒 𝑠𝑠ℎ𝑡𝑡𝑠𝑠 𝑖𝑖𝑡𝑡𝑠𝑠𝑟𝑟 𝑟𝑟𝑒𝑒𝑣𝑣𝑟𝑟𝑟𝑟𝑠𝑠𝑡𝑡𝑖𝑖𝑟𝑟 𝑖𝑖𝑠𝑠𝑟𝑟𝑖𝑖𝑡𝑡𝑎𝑎 ⟹  𝛼𝛼 𝑅𝑅 𝛾𝛾
∴ 𝑅𝑅 𝑖𝑖𝑖𝑖 𝑠𝑠𝑟𝑟𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖𝑠𝑠𝑖𝑖𝑟𝑟𝑟𝑟. 

 
𝑅𝑅 𝑖𝑖𝑖𝑖 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟, 𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑠𝑠𝑟𝑟𝑖𝑖𝑠𝑠 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠𝑟𝑟𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖𝑠𝑠𝑖𝑖𝑟𝑟𝑟𝑟 ⟹𝑅𝑅 𝑖𝑖𝑖𝑖 𝑡𝑡𝑡𝑡 𝑟𝑟𝑒𝑒𝑒𝑒𝑖𝑖𝑟𝑟𝑡𝑡𝑟𝑟𝑟𝑟𝑡𝑡𝑠𝑠𝑟𝑟 𝑟𝑟𝑟𝑟𝑟𝑟𝑡𝑡𝑠𝑠𝑖𝑖𝑒𝑒𝑡𝑡. 

 
ii) [𝑡𝑡𝑝𝑝𝑝𝑝] = { 𝑡𝑡𝑝𝑝𝑝𝑝,𝑡𝑡𝑝𝑝𝑎𝑎, 𝑡𝑡𝑎𝑎𝑎𝑎,𝑡𝑡𝑎𝑎𝑝𝑝,𝐴𝐴𝑎𝑎𝑎𝑎,𝐴𝐴𝑝𝑝𝑎𝑎,𝐴𝐴𝑎𝑎𝑝𝑝,𝐴𝐴𝑝𝑝𝑝𝑝 } 

 
iii) |[𝑡𝑡𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟]| = 25 = 32 

 

Problem 3: 

a)  
i) 𝛼𝛼 𝑅𝑅 𝛼𝛼?   𝛼𝛼 𝑖𝑖𝑖𝑖 𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑎𝑎𝑟𝑟𝑡𝑡𝑝𝑝ℎ𝑖𝑖𝑠𝑠𝑡𝑡𝑟𝑟𝑟𝑟𝑠𝑠 𝑡𝑡𝑠𝑠 𝑖𝑖𝑠𝑠𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟 ⟹ 𝛼𝛼 𝑅𝑅 𝛼𝛼 ∴ 𝑅𝑅 𝑖𝑖𝑖𝑖 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟. 

 
For Antisymmetry, we need to show that 𝛼𝛼 𝑅𝑅 𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎 𝛼𝛼 ≠  𝛽𝛽  ⟹ 𝑡𝑡𝑒𝑒𝑠𝑠(𝛽𝛽 𝑅𝑅 𝛼𝛼). 
𝛼𝛼 𝑅𝑅 𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎  𝛼𝛼 ≠  𝛽𝛽  ⟹  𝛼𝛼 𝑖𝑖𝑖𝑖 𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑎𝑎𝑟𝑟𝑡𝑡𝑝𝑝ℎ𝑖𝑖𝑠𝑠𝑡𝑡𝑟𝑟𝑟𝑟𝑠𝑠 𝑌𝑌𝑟𝑟𝑟𝑟𝑒𝑒𝑟𝑟𝑟𝑟 𝛽𝛽 

⟹ 𝛽𝛽 𝑠𝑠𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑠𝑠 𝑌𝑌𝑟𝑟 𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑎𝑎𝑟𝑟𝑡𝑡𝑝𝑝ℎ𝑖𝑖𝑠𝑠𝑡𝑡𝑟𝑟𝑟𝑟𝑠𝑠 𝑌𝑌𝑟𝑟𝑟𝑟𝑒𝑒𝑟𝑟𝑟𝑟 𝛼𝛼.  
    ∴ 𝑅𝑅 𝑖𝑖𝑖𝑖 𝑡𝑡𝑡𝑡𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑠𝑠𝑟𝑟𝑖𝑖𝑠𝑠. 
 
For transitivity, let 𝛼𝛼 𝑅𝑅 𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎 𝛽𝛽 𝑅𝑅 𝛾𝛾 .𝑊𝑊𝑟𝑟 𝑡𝑡𝑟𝑟𝑟𝑟𝑎𝑎 𝑠𝑠𝑒𝑒 𝑖𝑖ℎ𝑒𝑒𝑣𝑣 𝑠𝑠ℎ𝑡𝑡𝑠𝑠 𝛼𝛼 𝑅𝑅 𝛾𝛾. 



𝐼𝐼𝑟𝑟 𝛼𝛼 =  𝛽𝛽, 𝑠𝑠ℎ𝑟𝑟𝑡𝑡 𝛼𝛼 𝑅𝑅 𝛾𝛾 𝑌𝑌𝑟𝑟𝑠𝑠𝑡𝑡𝑒𝑒𝑖𝑖𝑟𝑟 𝛽𝛽 𝑅𝑅 𝛾𝛾.𝐴𝐴𝑟𝑟𝑖𝑖𝑒𝑒 𝑖𝑖𝑟𝑟 𝛽𝛽 =  𝛾𝛾, 𝑠𝑠ℎ𝑟𝑟𝑡𝑡 𝛼𝛼  𝑅𝑅 𝛾𝛾 𝑌𝑌𝑟𝑟𝑠𝑠𝑡𝑡𝑒𝑒𝑖𝑖𝑟𝑟 𝛼𝛼 𝑅𝑅 𝛽𝛽.  
𝑁𝑁𝑒𝑒𝑣𝑣 𝑖𝑖𝑟𝑟 𝛼𝛼 ≠  𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎   𝛽𝛽 ≠  𝛾𝛾,
𝑠𝑠ℎ𝑟𝑟𝑡𝑡 𝛼𝛼 𝑅𝑅 𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎 𝛽𝛽 𝑅𝑅 𝛾𝛾 𝑖𝑖𝑠𝑠𝑝𝑝𝑟𝑟𝑖𝑖𝑟𝑟𝑖𝑖 𝑠𝑠ℎ𝑡𝑡𝑠𝑠 𝛼𝛼 𝑖𝑖𝑖𝑖 𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑎𝑎𝑟𝑟𝑡𝑡𝑝𝑝ℎ𝑖𝑖𝑠𝑠𝑡𝑡𝑟𝑟𝑟𝑟𝑠𝑠 𝑌𝑌𝑟𝑟𝑟𝑟𝑒𝑒𝑟𝑟𝑟𝑟 𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎  
𝛽𝛽 𝑖𝑖𝑖𝑖 𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑎𝑎𝑟𝑟𝑡𝑡𝑝𝑝ℎ𝑖𝑖𝑠𝑠𝑡𝑡𝑟𝑟𝑟𝑟𝑠𝑠 𝑌𝑌𝑟𝑟𝑟𝑟𝑒𝑒𝑟𝑟𝑟𝑟 𝛾𝛾 
⟹  𝛼𝛼 𝑖𝑖𝑖𝑖 𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑎𝑎𝑟𝑟𝑡𝑡𝑝𝑝ℎ𝑖𝑖𝑠𝑠𝑡𝑡𝑟𝑟𝑟𝑟𝑠𝑠 𝑌𝑌𝑟𝑟𝑟𝑟𝑒𝑒𝑟𝑟𝑟𝑟 𝛾𝛾 ⟹  𝛼𝛼 𝑅𝑅 𝛾𝛾 ∴ 𝑅𝑅 𝑖𝑖𝑖𝑖 𝑠𝑠𝑟𝑟𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖𝑠𝑠𝑖𝑖𝑟𝑟𝑟𝑟. 
 
∴ 𝑅𝑅 𝑖𝑖𝑖𝑖 𝑡𝑡 𝑝𝑝𝑡𝑡𝑟𝑟𝑠𝑠𝑖𝑖𝑡𝑡𝑟𝑟 𝑒𝑒𝑟𝑟𝑎𝑎𝑟𝑟𝑟𝑟 𝑟𝑟𝑟𝑟𝑟𝑟𝑡𝑡𝑠𝑠𝑖𝑖𝑒𝑒𝑡𝑡. 
 

ii) 𝑌𝑌𝑟𝑟𝑖𝑖, 𝐿𝐿 ℎ𝑡𝑡𝑖𝑖 𝑡𝑡 𝑠𝑠𝑖𝑖𝑡𝑡𝑖𝑖𝑠𝑠𝑒𝑒𝑠𝑠 𝑣𝑣. 𝑟𝑟. 𝑠𝑠 𝑅𝑅 = "a" 
 

iii) 𝑁𝑁𝑒𝑒, 𝐿𝐿 𝑎𝑎𝑒𝑒𝑟𝑟𝑖𝑖 𝑡𝑡𝑒𝑒𝑠𝑠 ℎ𝑡𝑡𝑟𝑟𝑟𝑟 𝑡𝑡 𝑠𝑠𝑡𝑡𝑟𝑟𝑖𝑖𝑠𝑠𝑒𝑒𝑠𝑠 𝑣𝑣. 𝑟𝑟. 𝑠𝑠 𝑅𝑅. 
 
iv) 𝑌𝑌𝑟𝑟𝑖𝑖,𝐸𝐸 ℎ𝑡𝑡𝑖𝑖 𝑡𝑡 𝑠𝑠𝑡𝑡𝑟𝑟𝑖𝑖𝑠𝑠𝑒𝑒𝑠𝑠 𝑣𝑣. 𝑟𝑟. 𝑠𝑠 𝑅𝑅 = "𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧". 

𝑁𝑁𝑒𝑒,𝐸𝐸 ℎ𝑡𝑡𝑖𝑖 𝑒𝑒𝑡𝑡𝑟𝑟 𝑠𝑠𝑡𝑡𝑟𝑟𝑖𝑖𝑠𝑠𝑡𝑡𝑟𝑟: 𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧𝑧. 

 

 
b)  

i) 𝛼𝛼 𝑅𝑅 𝛼𝛼?   𝛼𝛼 𝑖𝑖𝑖𝑖 𝑡𝑡 𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟 𝑒𝑒𝑟𝑟 𝑖𝑖𝑠𝑠𝑖𝑖𝑟𝑟𝑟𝑟𝑟𝑟 ⟹ 𝛼𝛼 𝑅𝑅 𝛼𝛼 ∴ 𝑅𝑅 𝑖𝑖𝑖𝑖 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟. 
 
For Antisymmetry, we need to show that 𝛼𝛼 𝑅𝑅 𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎 𝛼𝛼 ≠  𝛽𝛽  ⟹ 𝑡𝑡𝑒𝑒𝑠𝑠(𝛽𝛽 𝑅𝑅 𝛼𝛼). 
𝛼𝛼 𝑅𝑅 𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎 𝛼𝛼 ≠  𝛽𝛽  ⟹  𝛼𝛼 𝑖𝑖𝑖𝑖 𝑡𝑡 𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟 𝑒𝑒𝑟𝑟 𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎 𝛼𝛼 ≠  𝛽𝛽  

⟹  𝛽𝛽 𝑠𝑠𝑒𝑒𝑡𝑡𝑠𝑠𝑡𝑡𝑖𝑖𝑡𝑡𝑖𝑖 𝑡𝑡𝑟𝑟𝑟𝑟 𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟𝑖𝑖 𝑖𝑖𝑡𝑡 𝛼𝛼 𝑡𝑡𝑡𝑡𝑎𝑎 𝑡𝑡𝑠𝑠 𝑟𝑟𝑟𝑟𝑡𝑡𝑖𝑖𝑠𝑠 𝑒𝑒𝑡𝑡𝑟𝑟 𝑟𝑟𝑟𝑟𝑠𝑠𝑠𝑠𝑟𝑟𝑟𝑟 𝑠𝑠𝑒𝑒𝑟𝑟𝑟𝑟 𝑠𝑠ℎ𝑡𝑡𝑡𝑡 𝛼𝛼
⟹ 𝛽𝛽 𝑠𝑠𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑠𝑠 𝑌𝑌𝑟𝑟 𝑡𝑡 𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟 𝑒𝑒𝑟𝑟 𝛼𝛼 ⟹ 𝑡𝑡𝑒𝑒𝑠𝑠(𝛽𝛽 𝑅𝑅 𝛼𝛼).  

     ∴ 𝑅𝑅 𝑖𝑖𝑖𝑖 𝑡𝑡𝑡𝑡𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑠𝑠𝑟𝑟𝑖𝑖𝑠𝑠. 
 
𝛼𝛼 𝑅𝑅 𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎 𝛽𝛽 𝑅𝑅 𝛾𝛾 ⟹  𝛼𝛼 𝑖𝑖𝑖𝑖 𝑡𝑡 𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟 𝑒𝑒𝑟𝑟 𝛽𝛽 𝑡𝑡𝑡𝑡𝑎𝑎 𝛽𝛽 𝑖𝑖𝑖𝑖 𝑡𝑡 𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟 𝑒𝑒𝑟𝑟 𝛾𝛾 

⟹  𝛼𝛼 𝑖𝑖𝑖𝑖 𝑡𝑡 𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟 𝑒𝑒𝑟𝑟 𝛾𝛾 ⟹  𝛼𝛼 𝑅𝑅 𝛾𝛾 ∴ 𝑅𝑅 𝑖𝑖𝑖𝑖 𝑠𝑠𝑟𝑟𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖𝑠𝑠𝑖𝑖𝑟𝑟𝑟𝑟. 
 
∴ 𝑅𝑅 𝑖𝑖𝑖𝑖 𝑡𝑡 𝑝𝑝𝑡𝑡𝑟𝑟𝑠𝑠𝑖𝑖𝑡𝑡𝑟𝑟 𝑒𝑒𝑟𝑟𝑎𝑎𝑟𝑟𝑟𝑟 𝑟𝑟𝑟𝑟𝑟𝑟𝑡𝑡𝑠𝑠𝑖𝑖𝑒𝑒𝑡𝑡. 

 
ii) 𝐿𝐿 𝑠𝑠𝑡𝑡𝑡𝑡𝑡𝑡𝑒𝑒𝑠𝑠 ℎ𝑡𝑡𝑟𝑟𝑟𝑟 𝑡𝑡 𝑠𝑠𝑖𝑖𝑡𝑡𝑖𝑖𝑠𝑠𝑒𝑒𝑠𝑠 𝑣𝑣. 𝑟𝑟. 𝑠𝑠.  𝑅𝑅 𝑌𝑌𝑟𝑟𝑠𝑠𝑡𝑡𝑒𝑒𝑖𝑖𝑟𝑟 𝑡𝑡𝑒𝑒 𝑡𝑡𝑒𝑒𝑡𝑡𝑟𝑟𝑠𝑠𝑝𝑝𝑠𝑠𝑠𝑠 𝑣𝑣𝑒𝑒𝑟𝑟𝑎𝑎 𝑖𝑖𝑖𝑖 𝑡𝑡 𝑝𝑝𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟 𝑒𝑒𝑟𝑟 𝑡𝑡𝑟𝑟𝑟𝑟 𝑒𝑒𝑠𝑠ℎ𝑟𝑟𝑟𝑟 𝑣𝑣𝑒𝑒𝑟𝑟𝑎𝑎𝑖𝑖.  

 
iii) 𝑌𝑌𝑟𝑟𝑖𝑖, 𝐿𝐿 ℎ𝑡𝑡𝑖𝑖 𝑠𝑠𝑖𝑖𝑡𝑡𝑖𝑖𝑠𝑠𝑡𝑡𝑟𝑟𝑖𝑖 𝑣𝑣. 𝑟𝑟. 𝑠𝑠 𝑅𝑅,𝑡𝑡𝑡𝑡𝑠𝑠𝑟𝑟𝑟𝑟𝑠𝑠, { 𝑡𝑡, 𝑌𝑌, 𝑠𝑠, 𝑎𝑎, 𝑟𝑟,𝑟𝑟,𝑎𝑎,ℎ, 𝑖𝑖, 𝑗𝑗,𝑙𝑙, 𝑟𝑟,𝑠𝑠,𝑡𝑡, 𝑒𝑒,𝑝𝑝, 𝑒𝑒, 𝑟𝑟, 𝑖𝑖, 𝑠𝑠,𝑒𝑒, 𝑟𝑟,𝑣𝑣, 𝑟𝑟,𝑠𝑠, 𝑧𝑧 } 

  



 
c) 𝐺𝐺𝑟𝑟𝑡𝑡𝑝𝑝ℎ 𝑟𝑟𝑒𝑒𝑟𝑟 𝐸𝐸: 

 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝐻𝐻𝑡𝑡𝑖𝑖𝑖𝑖𝑟𝑟 𝐷𝐷𝑖𝑖𝑡𝑡𝑎𝑎𝑟𝑟𝑡𝑡𝑠𝑠 𝑒𝑒𝑟𝑟 𝑅𝑅 𝑟𝑟𝑒𝑒𝑟𝑟 𝐸𝐸: 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 

d) 𝑁𝑁𝑒𝑒,𝐸𝐸 𝑎𝑎𝑒𝑒𝑟𝑟𝑖𝑖 𝑡𝑡𝑒𝑒𝑠𝑠 ℎ𝑡𝑡𝑟𝑟𝑟𝑟 𝑡𝑡 𝑠𝑠𝑖𝑖𝑡𝑡𝑖𝑖𝑠𝑠𝑒𝑒𝑠𝑠 𝑒𝑒𝑟𝑟 𝑠𝑠𝑡𝑡𝑟𝑟𝑖𝑖𝑠𝑠𝑒𝑒𝑠𝑠 𝑣𝑣. 𝑟𝑟. 𝑠𝑠 𝑅𝑅.  
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𝑠𝑠𝑡𝑡𝑟𝑟𝑖𝑖𝑠𝑠𝑡𝑡𝑟𝑟𝑖𝑖:𝑡𝑡𝑝𝑝𝑝𝑝𝑟𝑟𝑟𝑟𝑌𝑌𝑟𝑟𝑟𝑟, 𝑌𝑌𝑟𝑟𝑟𝑟𝑟𝑟, 𝑌𝑌𝑟𝑟𝑟𝑟𝑡𝑡, 𝑌𝑌𝑟𝑟𝑡𝑡𝑡𝑡, 𝑠𝑠𝑡𝑡𝑡𝑡𝑠𝑠𝑒𝑒𝑡𝑡, 𝑠𝑠𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖𝑠𝑠𝑟𝑟𝑟𝑟 
𝑠𝑠𝑖𝑖𝑡𝑡𝑖𝑖𝑠𝑠𝑡𝑡𝑟𝑟𝑖𝑖:𝑡𝑡𝑝𝑝𝑝𝑝, 𝑌𝑌𝑟𝑟, 𝑠𝑠𝑡𝑡𝑡𝑡 
 

Problem 4:  

a)  
𝑅𝑅𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟: (∀ 𝑟𝑟 ∈ 𝐴𝐴) (𝑟𝑟 𝑅𝑅 ∩ 𝑆𝑆 𝑟𝑟)? 
𝑅𝑅 𝑖𝑖𝑖𝑖 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟 ⟹ 𝑟𝑟 𝑅𝑅 𝑟𝑟 
𝑆𝑆 𝑖𝑖𝑖𝑖 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟 ⟹ 𝑟𝑟 𝑆𝑆 𝑟𝑟 
 
⟹ 𝑟𝑟 𝑅𝑅 𝑟𝑟 𝑡𝑡𝑡𝑡𝑎𝑎 𝑟𝑟 𝑆𝑆 𝑟𝑟 ⟹ 𝑟𝑟 𝑅𝑅 ∩ 𝑆𝑆 𝑟𝑟 

b)  
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑠𝑠𝑟𝑟𝑖𝑖𝑠𝑠: (∀ 𝑟𝑟,𝑠𝑠 ∈ 𝐴𝐴) (𝑟𝑟 𝑅𝑅 ∩ 𝑆𝑆 𝑠𝑠) ⟹ (𝑠𝑠 𝑅𝑅 ∩ 𝑆𝑆 𝑟𝑟)? 
𝑟𝑟 𝑅𝑅 ∩ 𝑆𝑆 𝑠𝑠 ⟹ 𝑟𝑟 𝑅𝑅 𝑠𝑠 𝑡𝑡𝑡𝑡𝑎𝑎 𝑟𝑟 𝑆𝑆 𝑠𝑠 ⟹ 𝑠𝑠 𝑅𝑅 𝑟𝑟 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠 𝑆𝑆 𝑟𝑟 ( 𝑌𝑌𝑟𝑟𝑠𝑠𝑡𝑡𝑒𝑒𝑖𝑖𝑟𝑟 𝑅𝑅 𝑡𝑡𝑡𝑡𝑎𝑎 𝑆𝑆 𝑡𝑡𝑟𝑟𝑟𝑟 𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑠𝑠𝑟𝑟𝑖𝑖𝑠𝑠) 
⟹ 𝑠𝑠 𝑅𝑅 ∩ 𝑆𝑆 𝑟𝑟 𝑌𝑌𝑠𝑠 𝑎𝑎𝑟𝑟𝑟𝑟𝑖𝑖𝑡𝑡𝑖𝑖𝑠𝑠𝑖𝑖𝑒𝑒𝑡𝑡 𝑒𝑒𝑟𝑟 𝑅𝑅 ∩ 𝑆𝑆 
 

c)  
𝐴𝐴𝑡𝑡𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑠𝑠𝑟𝑟𝑖𝑖𝑠𝑠: (∀ 𝑟𝑟,𝑠𝑠 ∈ 𝐴𝐴) (𝑟𝑟 𝑅𝑅 ∩ 𝑆𝑆 𝑠𝑠 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠 𝑅𝑅 ∩ 𝑆𝑆 𝑟𝑟) ⟹ 𝑟𝑟 = 𝑠𝑠? 
𝑟𝑟 𝑅𝑅 ∩ 𝑆𝑆 𝑠𝑠 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠 𝑅𝑅 ∩ 𝑆𝑆 𝑟𝑟 ⟹ 𝑟𝑟 𝑅𝑅 𝑠𝑠 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠 𝑅𝑅 𝑟𝑟 ⟹ 𝑟𝑟 = 𝑠𝑠 𝑌𝑌𝑟𝑟𝑠𝑠𝑡𝑡𝑒𝑒𝑖𝑖𝑟𝑟 𝑅𝑅𝑖𝑖𝑖𝑖 𝑡𝑡𝑡𝑡𝑠𝑠𝑖𝑖𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑠𝑠𝑟𝑟𝑖𝑖𝑠𝑠.   
 

d)  
𝑌𝑌𝑟𝑟𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖𝑠𝑠𝑖𝑖𝑟𝑟𝑟𝑟: (∀ 𝑟𝑟,𝑠𝑠, 𝑧𝑧 ∈ 𝐴𝐴)(𝑟𝑟 𝑅𝑅 ∩ 𝑆𝑆 𝑠𝑠 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠 𝑅𝑅 ∩ 𝑆𝑆 𝑧𝑧) ⟹ (𝑟𝑟 𝑅𝑅 ∩ 𝑆𝑆 𝑧𝑧)? 
𝑟𝑟 𝑅𝑅 ∩ 𝑆𝑆 𝑠𝑠 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠 𝑅𝑅 ∩ 𝑆𝑆 𝑧𝑧 ⟹ 𝑟𝑟 𝑅𝑅 𝑠𝑠 𝑡𝑡𝑡𝑡𝑎𝑎 𝑟𝑟 𝑆𝑆 𝑠𝑠 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠 𝑅𝑅 𝑧𝑧 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠 𝑆𝑆 𝑧𝑧 

⟹ 𝑟𝑟 𝑅𝑅 𝑧𝑧 𝑡𝑡𝑡𝑡𝑎𝑎 𝑟𝑟 𝑆𝑆 𝑧𝑧 (𝑌𝑌𝑟𝑟𝑠𝑠𝑡𝑡𝑒𝑒𝑖𝑖𝑟𝑟 𝑅𝑅 𝑡𝑡𝑡𝑡𝑎𝑎 𝑆𝑆 𝑡𝑡𝑟𝑟𝑟𝑟 𝑖𝑖𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑠𝑠𝑟𝑟𝑖𝑖𝑠𝑠) ⟹ 𝑟𝑟 𝑅𝑅 ∩ 𝑆𝑆 𝑧𝑧 
 

Problem 5: 

a) ∀ 𝑟𝑟 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠 ∈ 𝑍𝑍, 𝑟𝑟 𝑅𝑅 𝑠𝑠 𝑖𝑖𝑟𝑟 (𝑟𝑟 − 𝑠𝑠) 𝑖𝑖𝑖𝑖 𝑡𝑡 𝑠𝑠𝑒𝑒𝑟𝑟𝑠𝑠𝑖𝑖𝑝𝑝𝑟𝑟𝑟𝑟 𝑒𝑒𝑟𝑟 4  
(𝑟𝑟 − 𝑠𝑠) 𝑖𝑖𝑖𝑖 𝑡𝑡 𝑠𝑠𝑒𝑒𝑟𝑟𝑠𝑠𝑖𝑖𝑝𝑝𝑟𝑟𝑟𝑟 𝑒𝑒𝑟𝑟 4 ⟹ 4 | (𝑟𝑟 − 𝑠𝑠) ⟹ 𝑟𝑟 − 𝑠𝑠 = 4𝑙𝑙 𝑟𝑟𝑒𝑒𝑟𝑟 𝑖𝑖𝑒𝑒𝑠𝑠𝑟𝑟 𝑙𝑙 ∈ 𝑍𝑍. 
 
𝑅𝑅𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟: 𝑟𝑟 𝑅𝑅 𝑟𝑟?  
𝑟𝑟 − 𝑟𝑟 = 0 = 4 ∗ 0, 0 ∈ 𝑍𝑍  
∴ 𝑟𝑟 𝑅𝑅 𝑟𝑟 
 
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑠𝑠𝑟𝑟𝑖𝑖𝑠𝑠: 𝑟𝑟 𝑅𝑅 𝑠𝑠 ⟹ 𝑠𝑠 𝑅𝑅 𝑟𝑟? 
𝑟𝑟 − 𝑠𝑠 = 4𝑙𝑙 𝑟𝑟𝑒𝑒𝑟𝑟 𝑖𝑖𝑒𝑒𝑠𝑠𝑟𝑟  𝑙𝑙 ∈ 𝑍𝑍 ⟹ (𝑠𝑠𝑒𝑒𝑟𝑟𝑠𝑠𝑖𝑖𝑝𝑝𝑟𝑟𝑠𝑠 𝑌𝑌𝑠𝑠 − 1 𝑒𝑒𝑡𝑡 𝑌𝑌𝑒𝑒𝑠𝑠ℎ 𝑖𝑖𝑖𝑖𝑎𝑎𝑟𝑟𝑖𝑖) ⟹−(𝑟𝑟 − 𝑠𝑠) =  −4𝑙𝑙

⟹ (𝑠𝑠 − 𝑟𝑟) = 4(−𝑙𝑙) 
𝑣𝑣𝑟𝑟 𝑙𝑙𝑡𝑡𝑒𝑒𝑣𝑣 𝑠𝑠ℎ𝑡𝑡𝑠𝑠 ∀𝑙𝑙 ∈ 𝑍𝑍,−𝑙𝑙 ∈ 𝑍𝑍.𝑌𝑌ℎ𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑟𝑟𝑟𝑟, 𝑠𝑠 − 𝑟𝑟 𝑖𝑖𝑖𝑖 𝑡𝑡 𝑠𝑠𝑒𝑒𝑟𝑟𝑠𝑠𝑖𝑖𝑝𝑝𝑟𝑟𝑟𝑟 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠ℎ𝑒𝑒𝑖𝑖 𝑠𝑠 𝑅𝑅 𝑟𝑟. 
∴ 𝑟𝑟 𝑅𝑅 𝑠𝑠 ⟹ 𝑠𝑠 𝑅𝑅 𝑟𝑟 
 
𝑌𝑌𝑟𝑟𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖𝑠𝑠𝑖𝑖𝑟𝑟𝑟𝑟: 𝑟𝑟 𝑅𝑅 𝑠𝑠 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠 𝑅𝑅 𝑧𝑧 ⟹ 𝑟𝑟 𝑅𝑅 𝑧𝑧?  
𝑟𝑟 𝑅𝑅 𝑠𝑠 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠 𝑅𝑅 𝑧𝑧 ⟹ 𝑟𝑟 − 𝑠𝑠 = 4𝑙𝑙 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠 − 𝑧𝑧 = 4𝑟𝑟 𝑟𝑟𝑒𝑒𝑟𝑟 𝑙𝑙 𝑡𝑡𝑡𝑡𝑎𝑎 𝑟𝑟 𝑖𝑖𝑡𝑡 𝑍𝑍

⟹ (𝑡𝑡𝑎𝑎𝑎𝑎𝑖𝑖𝑡𝑡𝑎𝑎 𝑠𝑠ℎ𝑟𝑟𝑖𝑖𝑟𝑟 𝑠𝑠𝑣𝑣𝑒𝑒 𝑟𝑟𝑒𝑒𝑒𝑒𝑡𝑡𝑠𝑠𝑖𝑖𝑒𝑒𝑡𝑡𝑖𝑖,𝑣𝑣𝑟𝑟 𝑎𝑎𝑟𝑟𝑠𝑠) 𝑟𝑟 − 𝑠𝑠 + 𝑠𝑠 − 𝑧𝑧 = 4𝑙𝑙 + 4𝑟𝑟 
⟹ 𝑟𝑟− 𝑧𝑧 = 4(𝑙𝑙 + 𝑟𝑟) 

𝑊𝑊𝑟𝑟 𝑙𝑙𝑡𝑡𝑒𝑒𝑣𝑣 𝑠𝑠ℎ𝑡𝑡𝑠𝑠,∀  𝑙𝑙, 𝑟𝑟 ∈ 𝑍𝑍,𝑙𝑙 + 𝑟𝑟 ∈ 𝑍𝑍.𝑌𝑌ℎ𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑒𝑒𝑟𝑟𝑟𝑟, 𝑟𝑟 − 𝑧𝑧 𝑖𝑖𝑖𝑖 𝑡𝑡 𝑠𝑠𝑒𝑒𝑟𝑟𝑠𝑠𝑖𝑖𝑝𝑝𝑟𝑟𝑟𝑟 𝑒𝑒𝑟𝑟 4 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠ℎ𝑒𝑒𝑖𝑖 𝑟𝑟 𝑅𝑅 𝑧𝑧. 



∴ 𝑟𝑟 𝑅𝑅 𝑠𝑠 𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠 𝑅𝑅 𝑧𝑧 ⟹ 𝑟𝑟 𝑅𝑅 𝑧𝑧 
 
∴ 𝑅𝑅 𝑖𝑖𝑖𝑖 𝑡𝑡𝑡𝑡 𝑟𝑟𝑒𝑒𝑒𝑒𝑖𝑖𝑟𝑟𝑡𝑡𝑟𝑟𝑡𝑡𝑡𝑡𝑠𝑠𝑟𝑟 𝑟𝑟𝑟𝑟𝑟𝑟𝑡𝑡𝑠𝑠𝑖𝑖𝑒𝑒𝑡𝑡. 
 

b) [𝑟𝑟] = 𝑟𝑟 𝑠𝑠𝑒𝑒𝑎𝑎 4 ⟹ 𝑟𝑟 − [𝑟𝑟] = 4𝑙𝑙 𝑟𝑟𝑒𝑒𝑟𝑟 𝑙𝑙 ∈ 𝑍𝑍? 
𝑟𝑟 = 4𝑙𝑙 + 𝑟𝑟 𝑟𝑟𝑒𝑒𝑟𝑟 𝑙𝑙 ∈ 𝑍𝑍 𝑡𝑡𝑡𝑡𝑎𝑎 0 ≤ 𝑟𝑟 ≤ 3, [𝑟𝑟] = 𝑟𝑟. 
⟹ 𝑟𝑟 = 4𝑙𝑙 + [𝑟𝑟] ⟹ 𝑟𝑟− [𝑟𝑟] = 4𝑙𝑙 ⟹ 𝑟𝑟 − [𝑟𝑟] 𝑖𝑖𝑖𝑖 𝑡𝑡 𝑠𝑠𝑒𝑒𝑟𝑟𝑠𝑠𝑖𝑖𝑝𝑝𝑟𝑟𝑟𝑟 𝑒𝑒𝑟𝑟 4 ⟹ 𝑟𝑟 𝑅𝑅 [𝑟𝑟] 
 

c) The equivalence classes are: 

𝐶𝐶(0) = { 𝑟𝑟 ∈ 𝑍𝑍 |𝑟𝑟 𝑅𝑅 0} = {𝑟𝑟 = 4𝑙𝑙 |𝑙𝑙 ∈ 𝑍𝑍} 
𝐶𝐶(1) = { 𝑟𝑟 ∈ 𝑍𝑍 |𝑟𝑟 𝑅𝑅 1} = {𝑟𝑟 = 4𝑙𝑙 + 1 |𝑙𝑙 ∈ 𝑍𝑍} 
𝐶𝐶(2) = { 𝑟𝑟 ∈ 𝑍𝑍 |𝑟𝑟 𝑅𝑅 2} = {𝑟𝑟 = 4𝑙𝑙 + 2 |𝑙𝑙 ∈ 𝑍𝑍} 
𝐶𝐶(3) = { 𝑟𝑟 ∈ 𝑍𝑍 |𝑟𝑟 𝑅𝑅 3} = {𝑟𝑟 = 4𝑙𝑙 + 3 |𝑙𝑙 ∈ 𝑍𝑍} 

 

Bonus Problem: 

a)  
𝑅𝑅𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑖𝑖𝑟𝑟𝑟𝑟: (𝑠𝑠,𝑡𝑡)𝑅𝑅 (𝑠𝑠,𝑡𝑡)? 
(𝑠𝑠, 𝑡𝑡)𝑅𝑅(𝑠𝑠,𝑡𝑡) 𝑌𝑌𝑟𝑟𝑠𝑠𝑡𝑡𝑒𝑒𝑖𝑖𝑟𝑟 𝑠𝑠 + 𝑡𝑡 = 𝑠𝑠 + 𝑡𝑡 𝑣𝑣ℎ𝑖𝑖𝑠𝑠ℎ 𝑖𝑖𝑖𝑖 𝑠𝑠𝑟𝑟𝑒𝑒𝑟𝑟.  
∴ (𝑠𝑠, 𝑡𝑡) 𝑅𝑅 (𝑠𝑠,𝑡𝑡) 
 
𝑆𝑆𝑠𝑠𝑠𝑠𝑠𝑠𝑟𝑟𝑠𝑠𝑟𝑟𝑖𝑖𝑠𝑠: (𝑠𝑠1,𝑡𝑡1)𝑅𝑅 (𝑠𝑠2,𝑡𝑡2) ⟹ (𝑠𝑠2,𝑡𝑡2)𝑅𝑅 (𝑠𝑠1,𝑡𝑡1)? 
(𝑠𝑠1,𝑡𝑡1)𝑅𝑅 (𝑠𝑠2,𝑡𝑡2) ⟹𝑠𝑠1 + 𝑡𝑡2 = 𝑠𝑠2 + 𝑡𝑡1 ⟹ 𝑠𝑠2 + 𝑡𝑡1 = 𝑠𝑠1 + 𝑡𝑡2 
∴ (𝑠𝑠1,𝑡𝑡1)𝑅𝑅 (𝑠𝑠2,𝑡𝑡2) ⟹ (𝑠𝑠2,𝑡𝑡2)𝑅𝑅 (𝑠𝑠1,𝑡𝑡1) 
 
𝑌𝑌𝑟𝑟𝑡𝑡𝑡𝑡𝑖𝑖𝑖𝑖𝑠𝑠𝑖𝑖𝑟𝑟𝑟𝑟: (𝑠𝑠1,𝑡𝑡1)𝑅𝑅 (𝑠𝑠2,𝑡𝑡2) 𝑡𝑡𝑡𝑡𝑎𝑎 (𝑠𝑠2,𝑡𝑡2)𝑅𝑅 (𝑠𝑠3,𝑡𝑡3)  ⟹ (𝑠𝑠1,𝑡𝑡1)𝑅𝑅 (𝑠𝑠3,𝑡𝑡3)? 
(𝑠𝑠1,𝑡𝑡1)𝑅𝑅 (𝑠𝑠2,𝑡𝑡2) 𝑡𝑡𝑡𝑡𝑎𝑎 (𝑠𝑠2,𝑡𝑡2)𝑅𝑅 (𝑠𝑠3,𝑡𝑡3)  ⟹𝑠𝑠1 + 𝑡𝑡2 = 𝑠𝑠2 + 𝑡𝑡1𝑡𝑡𝑡𝑡𝑎𝑎 𝑠𝑠2 + 𝑡𝑡3 = 𝑠𝑠3 + 𝑡𝑡2

⟹ (𝑡𝑡𝑎𝑎𝑎𝑎𝑖𝑖𝑡𝑡𝑎𝑎 𝑟𝑟𝑒𝑒𝑒𝑒𝑡𝑡𝑠𝑠𝑖𝑖𝑒𝑒𝑡𝑡𝑖𝑖) ⟹ (𝑠𝑠1 + 𝑡𝑡2) + (𝑠𝑠2 + 𝑡𝑡3)
= (𝑠𝑠2 + 𝑡𝑡1) + (𝑠𝑠3 + 𝑡𝑡2)  ⟹𝑠𝑠1 + 𝑡𝑡3 = 𝑠𝑠3 + 𝑡𝑡1 

∴  (𝑠𝑠1,𝑡𝑡1)𝑅𝑅 (𝑠𝑠2,𝑡𝑡2) 𝑡𝑡𝑡𝑡𝑎𝑎 (𝑠𝑠2,𝑡𝑡2)𝑅𝑅 (𝑠𝑠3,𝑡𝑡3)  ⟹ (𝑠𝑠1,𝑡𝑡1)𝑅𝑅 (𝑠𝑠3,𝑡𝑡3) 
 
 

b) [𝑠𝑠,𝑡𝑡] = { (𝑠𝑠′,𝑡𝑡′) ∈ 𝑁𝑁 ∗ 𝑁𝑁 | 𝑠𝑠′ − 𝑡𝑡′ = 𝑠𝑠 − 𝑡𝑡} 
 
𝑒𝑒𝑡𝑡𝑟𝑟 − 𝑠𝑠𝑒𝑒 − 𝑒𝑒𝑡𝑡𝑟𝑟: 𝑟𝑟([𝑠𝑠1,𝑡𝑡1]) = 𝑟𝑟([𝑠𝑠2,𝑡𝑡2]) ⟹ [𝑠𝑠1,𝑡𝑡1] = [𝑠𝑠2,𝑡𝑡2]? 
 
 𝑟𝑟([𝑠𝑠1,𝑡𝑡1]) = 𝑟𝑟([𝑠𝑠2,𝑡𝑡2]) ⟹𝑠𝑠1 − 𝑡𝑡1 = 𝑠𝑠2 − 𝑡𝑡2 ⟹ {(𝑠𝑠′,𝑡𝑡′) | 𝑠𝑠′ − 𝑡𝑡′ = 𝑠𝑠1 − 𝑡𝑡1}

= {(𝑠𝑠′,𝑡𝑡′)| 𝑠𝑠′ − 𝑡𝑡′ = 𝑠𝑠2 − 𝑡𝑡2}  ⟹ [𝑠𝑠1,𝑡𝑡1] = [𝑠𝑠2,𝑡𝑡2] 
∴ 𝑟𝑟 𝑖𝑖𝑖𝑖 𝑒𝑒𝑡𝑡𝑟𝑟 − 𝑠𝑠𝑒𝑒 − 𝑒𝑒𝑡𝑡𝑟𝑟  
 
𝑒𝑒𝑡𝑡𝑠𝑠𝑒𝑒: (∀𝑙𝑙 ∈ 𝑍𝑍)(∃[𝑠𝑠,𝑡𝑡] ∈ 𝐸𝐸)(𝑟𝑟([𝑠𝑠,𝑡𝑡]) = 𝑙𝑙)? 
2 𝑠𝑠𝑡𝑡𝑖𝑖𝑟𝑟𝑖𝑖: 𝑙𝑙 ≥ 0 𝑡𝑡𝑡𝑡𝑎𝑎 𝑙𝑙 < 0 

𝑠𝑠𝑡𝑡𝑖𝑖𝑟𝑟 1:𝑙𝑙 ≥ 0:𝑌𝑌𝑡𝑡𝑙𝑙𝑟𝑟 (𝑠𝑠,𝑡𝑡) = (𝑙𝑙, 0) ∈ 𝑁𝑁 ∗ 𝑁𝑁 
 𝑟𝑟([𝑠𝑠,𝑡𝑡]) = 𝑟𝑟([𝑙𝑙, 0]) = 𝑙𝑙 − 0 = 𝑙𝑙 𝑡𝑡𝑡𝑡𝑎𝑎 [𝑙𝑙, 0] ∈ 𝐸𝐸 
𝑠𝑠𝑡𝑡𝑖𝑖𝑟𝑟 2:𝑙𝑙 < 0:𝑌𝑌𝑡𝑡𝑙𝑙𝑟𝑟 (𝑠𝑠,𝑡𝑡) = (0,−𝑙𝑙) ∈ 𝑁𝑁 ∗ 𝑁𝑁 



 𝑟𝑟([𝑠𝑠,𝑡𝑡]) = 𝑟𝑟([0,−𝑙𝑙]) = 0 −  −𝑙𝑙 = 𝑙𝑙  𝑡𝑡𝑡𝑡𝑎𝑎 [0,−𝑙𝑙] ∈ 𝐸𝐸 
∴ 𝑟𝑟 𝑖𝑖𝑖𝑖 𝑒𝑒𝑡𝑡𝑠𝑠𝑒𝑒. 


