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Problem 1: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Problem 2: 

a) The statement is True. 

Proof:  

𝐴𝐴 − (𝐵𝐵 ∪ 𝐶𝐶) = 𝐴𝐴 ∩ (𝐵𝐵 ∪ 𝐶𝐶)𝑐𝑐    by Set difference law 

                             = 𝐴𝐴 ∩ 𝐴𝐴 ∩ (𝐵𝐵𝑐𝑐  ∩ 𝐶𝐶𝑐𝑐)   by Idempotent law and De Morgan’s laws 

  = 𝐴𝐴 ∩ (𝐴𝐴 ∩ 𝐵𝐵𝑐𝑐)  ∩ 𝐶𝐶𝑐𝑐   by Associative law 

  =  𝐴𝐴 ∩ (𝐵𝐵𝑐𝑐 ∩ 𝐴𝐴)  ∩ 𝐶𝐶𝑐𝑐   by Commutative law 

  = (𝐴𝐴 ∩ 𝐵𝐵𝑐𝑐) ∩ (𝐴𝐴 ∩ 𝐶𝐶𝑐𝑐)  by Associative law 

  = (𝐴𝐴 − 𝐵𝐵) ∩ (𝐴𝐴 − 𝐶𝐶)   by Set difference law 

       a)   b) 
𝒑𝒑 𝑞𝑞 𝑟𝑟 ¬𝑝𝑝 ¬𝑞𝑞 ¬𝑟𝑟 ¬𝑞𝑞 ∨ ¬𝑟𝑟  𝑝𝑝 ∧ (¬𝑞𝑞 ∨ ¬𝑟𝑟) 𝑞𝑞 ∧  𝑟𝑟 ¬(𝑞𝑞 ∧  𝑟𝑟) 𝑝𝑝 ∨ ¬(𝑞𝑞 ∧  𝑟𝑟) 
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        c)  b) 
𝒑𝒑 𝑞𝑞 𝑟𝑟 ¬𝑝𝑝 ¬𝑞𝑞 ¬𝑟𝑟 𝑞𝑞 ∧ ¬𝑟𝑟  ¬(𝑞𝑞 ∧ ¬𝑟𝑟) 𝑝𝑝 ∨ ¬(𝑞𝑞 ∧ ¬𝑟𝑟) 𝑝𝑝 ∧ ¬𝑞𝑞 (𝑝𝑝 ∧ ¬𝑞𝑞) ∧  𝑟𝑟 
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b) The statement is True. 

Proof:  

(𝐴𝐴 ∩ 𝐵𝐵) − 𝐶𝐶 = (𝐴𝐴 ∩ 𝐵𝐵) ∩ 𝐶𝐶𝑐𝑐    by Set difference law 

                             = 𝐴𝐴 ∩ (𝐵𝐵 ∩ 𝐶𝐶𝑐𝑐)    by Associative law 

  = 𝐴𝐴 ∩ (𝐵𝐵 − 𝐶𝐶)    by Set difference law 

 

c) The statement is False. 

Proof by counter example: 

Let A = { a, b, c }, B= { a, d, e } and C = { a, f, g } 

Then we have, B + C = {d, e, f, g } and A – B = { b, c } 

Now, A – (B + C) = { a, b, c }  and (A – B) – C = { b, c } 

∴ 𝐴𝐴 − (𝐵𝐵 + 𝐶𝐶) ≠ (𝐴𝐴 − 𝐵𝐵) − 𝐶𝐶 

 

d) The statement is False.  

Proof by counter example: 

Let A = { a, b, c }, B= { a, d, e } and C = { a, f, g } 

Then we have, B – C = { d, e } and A – B = { b, c } 

Now, A – (B – C) = { a, b, c } and (A – B) + C = { a, b, c, f, g } 

∴ 𝐴𝐴 − (𝐵𝐵 − 𝐶𝐶) ≠ (𝐴𝐴 − 𝐵𝐵) + 𝐶𝐶 

 

e) The statement is False.  

Proof by counter example: 

Let A = { a, b, c }, B= { a, d, e } and C = { a, f, g } 

Then we have, B – C = { d, e } and C – B = { f, g } 

Now, A – (B – C) = { a, b, c } and A ∩ (C − B) =  ∅ 

∴ 𝐴𝐴 − (𝐵𝐵 − 𝐶𝐶) ≠ 𝐴𝐴 ∩ (𝐶𝐶 − 𝐵𝐵) 

 

f) This statement is True.  
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Proof: 

𝑋𝑋 ∈ 2𝐴𝐴∩𝐵𝐵 ⇔ 𝑋𝑋 ⊆ 𝐴𝐴 ∩ 𝐵𝐵 ⇔ 𝑋𝑋 ⊆ 𝐴𝐴 ∧  𝑋𝑋 ⊆ 𝐵𝐵 ⟺ 𝑋𝑋 ∈ 2𝐴𝐴 ∧  𝑋𝑋 ∈ 2𝐵𝐵 ⟺ 𝑋𝑋 ∈ 2𝐴𝐴 ∩ 2𝐵𝐵 

∴ 2𝐴𝐴∩𝐵𝐵 = 2𝐴𝐴 ∩ 2𝐵𝐵 

 

Problem 3: 

a) Counter example, for n = 1, 

3𝑛𝑛 + 1 = 31 + 1 = 3 + 1 = 4, 4 is not a prime number.  

 

b) Counter example, Let A = { 1, a } and B = { a, b }, then 

we have, 2𝐴𝐴 = { ∅, {1}, {𝑎𝑎}, {1,𝑎𝑎}} and 2𝐵𝐵 = { ∅, {𝑎𝑎}, {𝑏𝑏}, {𝑎𝑎, 𝑏𝑏}} 

and A + B = { 1, b } => 2𝐴𝐴+𝐵𝐵 = { ∅, {1}, {𝑏𝑏}, {1,𝑏𝑏}} 

But 2𝐴𝐴 + 2𝐵𝐵 = { {1}, {𝑏𝑏}, {1,𝑎𝑎}, {𝑎𝑎, 𝑏𝑏}} 

∴ 2𝐴𝐴+𝐵𝐵 ≠ 2𝐴𝐴 + 2𝐵𝐵 

 

c) Counter example, Let A = { 1, 2, 3 }, B = { 3, 4, 5 } and C = { 1, 5, 6 } 

then we have, A + B = { 1, 2, 4, 5 } and B – C = { 3, 4 } 

Now, A + (B – C) = { 1, 2, 4 } and (A + B) – C = { 2, 4 } 

∴ 𝐴𝐴 + (𝐵𝐵 − 𝐶𝐶) ≠ (𝐴𝐴 + 𝐵𝐵) − 𝐶𝐶 

 

Problem 4: 

a) 

Proof : 

(f is one-to-one):  

f(x1) = f(x2) => 5x1 + 9 = 5x2 + 9 => 5x1= 5x2 => x1 = x2. 

Therefore, f is one-to-one.  

(f is onto): 

𝐿𝐿𝐿𝐿𝐿𝐿 𝑦𝑦 ∈ 𝑅𝑅. [𝑊𝑊𝐿𝐿 𝑚𝑚𝑚𝑚𝑚𝑚𝐿𝐿 𝑚𝑚ℎ𝑜𝑜𝑜𝑜 𝐿𝐿ℎ𝑎𝑎𝐿𝐿 ∃𝑥𝑥 𝑖𝑖𝑖𝑖 𝑅𝑅 𝑚𝑚𝑚𝑚𝑠𝑠ℎ 𝐿𝐿ℎ𝑎𝑎𝐿𝐿 𝑓𝑓(𝑥𝑥) = 𝑦𝑦. ] 𝐿𝐿𝐿𝐿𝐿𝐿 𝑥𝑥 =
𝑦𝑦 − 9

5
. 

𝑇𝑇ℎ𝐿𝐿𝑖𝑖 𝑥𝑥 𝑖𝑖𝑚𝑚 𝑎𝑎 𝑟𝑟𝐿𝐿𝑎𝑎𝑟𝑟 𝑖𝑖𝑚𝑚𝑚𝑚𝑏𝑏𝐿𝐿𝑟𝑟 𝑚𝑚𝑖𝑖𝑖𝑖𝑠𝑠𝐿𝐿 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑎𝑎𝑖𝑖𝑎𝑎 𝑞𝑞𝑚𝑚𝑜𝑜𝐿𝐿𝑖𝑖𝐿𝐿𝑖𝑖𝐿𝐿𝑚𝑚 (𝑜𝑜𝐿𝐿ℎ𝐿𝐿𝑟𝑟 𝐿𝐿ℎ𝑎𝑎𝑖𝑖 𝑏𝑏𝑦𝑦 0)𝑜𝑜𝑓𝑓 𝑟𝑟𝐿𝐿𝑎𝑎𝑟𝑟 𝑖𝑖𝑚𝑚𝑚𝑚𝑏𝑏𝐿𝐿𝑟𝑟𝑚𝑚 𝑎𝑎𝑟𝑟𝐿𝐿 𝑟𝑟𝐿𝐿𝑎𝑎𝑟𝑟 𝑖𝑖𝑚𝑚𝑚𝑚𝑏𝑏𝐿𝐿𝑟𝑟𝑚𝑚.  
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𝐼𝐼𝐿𝐿 𝑓𝑓𝑜𝑜𝑟𝑟𝑟𝑟𝑜𝑜𝑜𝑜𝑚𝑚 𝐿𝐿ℎ𝑎𝑎𝐿𝐿,  

  𝑓𝑓(𝑥𝑥) = 𝑓𝑓 �𝑦𝑦−9
5
�   by substitution 

   = 5. �𝑦𝑦−9
5
�+ 9  by the definition of f 

   = (𝑦𝑦 − 9) + 9  by basic algebra 

   = 𝑦𝑦 

Therefore, f is onto. 

 

Finding Inverse function (𝑓𝑓−1): 

  
𝐹𝐹𝑜𝑜𝑟𝑟 𝑎𝑎𝑖𝑖𝑦𝑦 [𝑝𝑝𝑎𝑎𝑟𝑟𝐿𝐿𝑖𝑖𝑠𝑠𝑚𝑚𝑟𝑟𝑎𝑎𝑟𝑟 𝑏𝑏𝑚𝑚𝐿𝐿 𝑎𝑎𝑟𝑟𝑏𝑏𝑖𝑖𝐿𝐿𝑟𝑟𝑎𝑎𝑟𝑟𝑖𝑖𝑟𝑟𝑦𝑦 𝑠𝑠ℎ𝑜𝑜𝑚𝑚𝐿𝐿𝑖𝑖] 𝑦𝑦 𝑖𝑖𝑖𝑖 𝑅𝑅, 𝑏𝑏𝑦𝑦 𝐿𝐿ℎ𝐿𝐿 𝑎𝑎𝐿𝐿𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖𝐿𝐿𝑖𝑖𝑜𝑜𝑖𝑖 𝑜𝑜𝑓𝑓 𝑓𝑓−1, 

𝑓𝑓−1(𝑦𝑦) = 𝐿𝐿ℎ𝑎𝑎𝐿𝐿 𝑚𝑚𝑖𝑖𝑖𝑖𝑞𝑞𝑚𝑚𝐿𝐿 𝑟𝑟𝐿𝐿𝑎𝑎𝑟𝑟 𝑖𝑖𝑚𝑚𝑚𝑚𝑏𝑏𝐿𝐿𝑟𝑟 𝑥𝑥 𝑚𝑚𝑚𝑚𝑠𝑠ℎ 𝐿𝐿ℎ𝑎𝑎𝐿𝐿 𝑓𝑓(𝑥𝑥) = 𝑦𝑦. 

But,    𝑓𝑓(𝑥𝑥) = 𝑦𝑦 

   ⟺ 5𝑥𝑥 + 9 = 𝑦𝑦  by definition of f 

   ⟺ 𝑥𝑥 = 𝑦𝑦−9
5

  by algebra 

𝐻𝐻𝐿𝐿𝑖𝑖𝑠𝑠𝐿𝐿, 𝑓𝑓−1(𝑦𝑦) =
𝑦𝑦 − 9

5
. 

 

b) g is not one-to-one but it is onto. 

𝑔𝑔 𝑖𝑖𝑚𝑚 𝑖𝑖𝑜𝑜𝐿𝐿 𝑜𝑜𝑖𝑖𝐿𝐿 − 𝐿𝐿𝑜𝑜 − 𝑜𝑜𝑖𝑖𝐿𝐿.  𝑝𝑝𝑟𝑟𝑜𝑜𝑜𝑜𝑓𝑓 (𝑏𝑏𝑦𝑦 𝑠𝑠𝑜𝑜𝑚𝑚𝑖𝑖𝐿𝐿𝐿𝐿𝑟𝑟 𝐿𝐿𝑥𝑥𝑎𝑎𝑚𝑚𝑝𝑝𝑟𝑟𝐿𝐿): 

𝐿𝐿𝐿𝐿𝐿𝐿, 𝑥𝑥1 = 0 𝑎𝑎𝑖𝑖𝑎𝑎 𝑥𝑥2 = 2 𝑏𝑏𝐿𝐿 2 𝑟𝑟𝐿𝐿𝑎𝑎𝑟𝑟 𝑖𝑖𝑚𝑚𝑚𝑚𝑏𝑏𝐿𝐿𝑟𝑟𝑚𝑚.𝑇𝑇ℎ𝐿𝐿𝑖𝑖,  

𝑜𝑜𝐿𝐿 ℎ𝑎𝑎𝑎𝑎𝐿𝐿:𝑔𝑔(𝑥𝑥1) = (0 − 1)2 = (−1)2 = 1  

𝑎𝑎𝑖𝑖𝑎𝑎 𝑔𝑔(𝑥𝑥2) = (2 − 1)2 = (1)2 = 1.  

𝑇𝑇ℎ𝑎𝑎𝐿𝐿 𝑖𝑖𝑚𝑚,𝑔𝑔(𝑥𝑥1) = 𝑔𝑔(𝑥𝑥2)𝑏𝑏𝑚𝑚𝐿𝐿 𝑥𝑥1 ≠ 𝑥𝑥2.  

∴ 𝑔𝑔 𝑖𝑖𝑚𝑚 𝑖𝑖𝑜𝑜𝐿𝐿 𝑜𝑜𝑖𝑖𝐿𝐿 − 𝐿𝐿𝑜𝑜 − 𝑜𝑜𝑖𝑖𝐿𝐿. 

 

𝑔𝑔 𝑖𝑖𝑚𝑚 𝑜𝑜𝑖𝑖𝐿𝐿𝑜𝑜.  𝑝𝑝𝑟𝑟𝑜𝑜𝑜𝑜𝑓𝑓: 𝐿𝐿𝐿𝐿𝐿𝐿 𝑦𝑦 ∈ 𝑅𝑅+[𝑜𝑜𝐿𝐿 𝑚𝑚𝑚𝑚𝑚𝑚𝐿𝐿 𝑚𝑚ℎ𝑜𝑜𝑜𝑜 𝐿𝐿ℎ𝑎𝑎𝐿𝐿 ∃𝑥𝑥 ∈ 𝑅𝑅 𝑚𝑚𝑚𝑚𝑠𝑠ℎ 𝐿𝐿ℎ𝑎𝑎𝐿𝐿 𝑔𝑔(𝑥𝑥) = 𝑦𝑦. ] 𝐿𝐿𝐿𝐿𝐿𝐿 𝑥𝑥 =  �𝑦𝑦 + 1.  

𝑇𝑇ℎ𝐿𝐿𝑖𝑖 𝑥𝑥 𝑖𝑖𝑚𝑚 𝑎𝑎 𝑟𝑟𝐿𝐿𝑎𝑎𝑟𝑟 𝑖𝑖𝑚𝑚𝑚𝑚𝑏𝑏𝐿𝐿𝑟𝑟. 𝐼𝐼𝐿𝐿 𝑓𝑓𝑜𝑜𝑟𝑟𝑟𝑟𝑜𝑜𝑜𝑜𝑚𝑚 𝐿𝐿ℎ𝑎𝑎𝐿𝐿,  

𝑔𝑔(𝑥𝑥) = 𝑔𝑔��𝑦𝑦 + 1� 
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     = ���𝑦𝑦 + 1� − 1�
2

   by definition of g  

     =  ��𝑦𝑦�
2

 

     = 𝑦𝑦 

∴ 𝑔𝑔 𝑖𝑖𝑚𝑚 𝑜𝑜𝑖𝑖𝐿𝐿𝑜𝑜. 

 

c) h is one-to-one but not onto.  

Proof : 

(h is one-to-one):  

We must h(x1) = h(x2) => x1 = x2. 

h(x1) = h(x2) => 2x1 - 5 = 2x2 – 5 => 2x1= 2x2 => x1 = x2. 

Therefore, h is one-to-one.  

 

(h is not onto):   

We must show that for some  𝑦𝑦 ∈ 𝑅𝑅, 𝐿𝐿ℎ𝐿𝐿𝑟𝑟𝐿𝐿 𝑖𝑖𝑚𝑚 𝑖𝑖𝑜𝑜 𝑥𝑥 𝑖𝑖𝑖𝑖 𝑅𝑅+ 𝑚𝑚𝑚𝑚𝑠𝑠ℎ 𝐿𝐿ℎ𝑎𝑎𝐿𝐿 ℎ(𝑥𝑥) = 𝑦𝑦. Take 𝑦𝑦 =  −11 ∈ 𝑅𝑅. 
Assume by contradiction that ∃ 𝑥𝑥 ∈ 𝑅𝑅+ 𝑚𝑚𝑚𝑚𝑠𝑠ℎ 𝐿𝐿ℎ𝑎𝑎𝐿𝐿 ℎ(𝑥𝑥) = 𝑦𝑦.  It follows that 

  −11 = 2𝑥𝑥 − 5  by the definition of y and h 

  −11 + 5 = 2𝑥𝑥 ⟹ 2𝑥𝑥 =  −6   

  ⟹ 𝑥𝑥 =  −3 ∉ 𝑅𝑅+, 𝑠𝑠𝑜𝑜𝑖𝑖𝐿𝐿𝑟𝑟𝑎𝑎𝑎𝑎𝑖𝑖𝑠𝑠𝐿𝐿𝑖𝑖𝑖𝑖𝑔𝑔 𝐿𝐿ℎ𝑎𝑎𝐿𝐿 𝑥𝑥 ∈ 𝑅𝑅+. 

Therefore, h is not onto. 

 

d) 

ℎ 𝑜𝑜 𝑔𝑔 (𝑥𝑥) = ℎ(𝑔𝑔(𝑥𝑥)) 

 = 2 𝑔𝑔(𝑥𝑥) − 5 

 = 2 (𝑥𝑥 − 1)2 − 5 

 = 2 (𝑥𝑥2 − 2𝑥𝑥 + 1) − 5 

 = (2𝑥𝑥2 − 4𝑥𝑥 + 2) − 5 

∴ ℎ 𝑜𝑜 𝑔𝑔 (𝑥𝑥) = 2𝑥𝑥2 − 4𝑥𝑥 − 3 

 

𝑔𝑔 𝑜𝑜 ℎ (𝑥𝑥) = 𝑔𝑔�ℎ(𝑥𝑥)� 

5 
 



 = (ℎ(𝑥𝑥) − 1)2 

 = �(2𝑥𝑥 − 5) − 1�2 

 = (2𝑥𝑥 − 6)2 

 = 22 (𝑥𝑥 − 3)2 

∴ 𝑔𝑔 𝑜𝑜 ℎ (𝑥𝑥) = 4 (𝑥𝑥2 − 6𝑥𝑥 + 9) 

 

(𝑓𝑓 𝑜𝑜 ℎ) 𝑜𝑜 𝑔𝑔(𝑥𝑥) = (𝑓𝑓 𝑜𝑜 ℎ)�𝑔𝑔(𝑥𝑥)� = (𝑓𝑓 𝑜𝑜 ℎ)( (𝑥𝑥 − 1)2) = 𝑓𝑓(ℎ((𝑥𝑥 − 1)2))) 

  = 𝑓𝑓(2(𝑥𝑥 − 1)2 − 5) = 5[2(𝑥𝑥 − 1)2 − 5] + 9 

  = 10(𝑥𝑥 − 1)2 − 25 + 9 

∴ (𝑓𝑓 𝑜𝑜 ℎ) 𝑜𝑜 𝑔𝑔(𝑥𝑥) = 10(𝑥𝑥 − 1)2 − 16 

 

𝑓𝑓 𝑜𝑜 (ℎ 𝑜𝑜 𝑔𝑔)(𝑥𝑥) = 𝑓𝑓�ℎ 𝑜𝑜 𝑔𝑔 (𝑥𝑥)� = 𝑓𝑓 �ℎ�𝑔𝑔(𝑥𝑥)�� = 𝑓𝑓�ℎ ((𝑥𝑥 − 1)2)� = 𝑓𝑓(2(𝑥𝑥 − 1)2 − 5) 

  = 5[2(𝑥𝑥 − 1)2 − 5] + 9 = 10(𝑥𝑥 − 1)2 − 25 + 9 

∴ 𝑓𝑓 𝑜𝑜 (ℎ 𝑜𝑜 𝑔𝑔)(𝑥𝑥) = 10(𝑥𝑥 − 1)2 − 16 

 

e) 

𝑓𝑓←(1) = { 𝑥𝑥 ∈ 𝑅𝑅 | 𝑓𝑓(𝑥𝑥) = 1} 

𝑓𝑓(𝑥𝑥) = 1 ⇔ 5𝑥𝑥 + 9 = 1 ⇔ 5𝑥𝑥 = 1 − 9 = −8 ⇔ 𝑥𝑥 = −
8
5

 

∴ 𝑓𝑓←(1) = � −
8
5

 � 

 

𝑔𝑔←(9) = { 𝑥𝑥 ∈ 𝑅𝑅 | 𝑔𝑔(𝑥𝑥) = 9} 

𝑔𝑔(𝑥𝑥) = 9 ⇔ (𝑥𝑥 − 1)2 = 9 ⇔ 𝑥𝑥 − 1 = 3 𝑜𝑜𝑟𝑟 𝑥𝑥 − 1 =  −3 ⇔ 𝑥𝑥 = 4 𝑜𝑜𝑟𝑟 𝑥𝑥 =  −2 

∴ 𝑔𝑔←(9) = { −2, 4 } 

 

𝑔𝑔←(0) = { 𝑥𝑥 ∈ 𝑅𝑅 | 𝑔𝑔(𝑥𝑥) = 0} 

𝑔𝑔(𝑥𝑥) = 0 ⇔ (𝑥𝑥 − 1)2 = 0 ⇔ 𝑥𝑥 − 1 = 0 ⇔ 𝑥𝑥 = 1 

∴ 𝑔𝑔←(0) = { 1 } 

6 
 



ℎ←(9) = { 𝑥𝑥 ∈ 𝑅𝑅 | ℎ(𝑥𝑥) = 9} 

ℎ(𝑥𝑥) = 9 ⇔ 2𝑥𝑥 − 5 = 9 ⇔ 2𝑥𝑥 = 9 + 5 = 14 ⇔ 𝑥𝑥 =
14
2

= 7 

∴ ℎ←(9) = { 7 } 

 

Problem 5: 

a) 

𝐵𝐵𝑎𝑎𝑚𝑚𝑖𝑖𝑚𝑚 𝑚𝑚𝐿𝐿𝐿𝐿𝑝𝑝: 𝑖𝑖 = 0,   

𝑓𝑓(0) = 1 by definition, and 6 ∗ 20 − 5 = 6 ∗ 1 − 5 = 6 − 5 = 1.  

Therefore, 𝑓𝑓(𝑖𝑖) = 6 ∗ 2𝑛𝑛 − 5 for 𝑖𝑖 = 0. 

 

𝐼𝐼𝑖𝑖𝑎𝑎𝑚𝑚𝑠𝑠𝐿𝐿𝑖𝑖𝑜𝑜𝑖𝑖 𝑚𝑚𝐿𝐿𝐿𝐿𝑝𝑝: Assume 𝑓𝑓(𝑖𝑖 − 1) = 6 ∗ 2𝑛𝑛−1 − 5 (the induction hypothesis).  

Prove that 𝑓𝑓(𝑖𝑖) = 6 ∗ 2𝑛𝑛 − 5. 

 

𝑓𝑓(𝑖𝑖) = 2 𝑓𝑓(𝑖𝑖 − 1) + 5,     by definition of 𝑓𝑓 

⟹ 𝑓𝑓(𝑖𝑖) = 2 (6 ∗ 2𝑛𝑛−1 − 5) + 5   using the Induction Hypothesis. 

⟹ 𝑓𝑓(𝑖𝑖) = 6 ∗ 2 ∗ 2𝑛𝑛−1 − 10 + 5 

⟹ 𝑓𝑓(𝑖𝑖) = 6 ∗ 2(𝑛𝑛−1)+1 − 5 

⟹ 𝑓𝑓(𝑖𝑖) = 6 ∗ 2𝑛𝑛 − 5 

 

∴ 𝑓𝑓(𝑖𝑖) = 6 ∗ 2𝑛𝑛 − 5 𝑓𝑓𝑜𝑜𝑟𝑟 𝑎𝑎𝑟𝑟𝑟𝑟 𝑖𝑖 ≥ 0. 

b) 

𝐵𝐵𝑎𝑎𝑚𝑚𝑖𝑖𝑚𝑚 𝑚𝑚𝐿𝐿𝐿𝐿𝑝𝑝: 𝑖𝑖 = 0,   

𝑓𝑓(0) = 0 𝑎𝑎𝑖𝑖𝑎𝑎 0(0+1)
2

= 0. Therefore, 𝑓𝑓(𝑖𝑖) =  𝑛𝑛(𝑛𝑛+1)
2

 for 𝑖𝑖 = 0. 

𝐼𝐼𝑖𝑖𝑎𝑎𝑚𝑚𝑠𝑠𝐿𝐿𝑖𝑖𝑜𝑜𝑖𝑖 𝑚𝑚𝐿𝐿𝐿𝐿𝑝𝑝: 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝐿𝐿 𝑓𝑓(𝑖𝑖 − 1) = (𝑛𝑛−1)𝑛𝑛
2

  (𝐿𝐿ℎ𝐿𝐿 𝑖𝑖𝑖𝑖𝑎𝑎𝑚𝑚𝑠𝑠𝐿𝐿𝑖𝑖𝑜𝑜𝑖𝑖 ℎ𝑦𝑦𝑝𝑝𝑜𝑜𝐿𝐿ℎ𝐿𝐿𝑚𝑚𝑖𝑖𝑚𝑚) . 𝑃𝑃𝑟𝑟𝑜𝑜𝑎𝑎𝐿𝐿 𝐿𝐿ℎ𝑎𝑎𝐿𝐿 𝑓𝑓(𝑖𝑖) = 𝑛𝑛(𝑛𝑛+1)
2

 

𝑓𝑓(𝑖𝑖) = 1 + 2 + 3 + ⋯+ 𝑖𝑖,  by definition 

𝑓𝑓(𝑖𝑖) = 1 + 2 + 3 + ⋯+ (𝑖𝑖 − 1) + 𝑖𝑖 

 

⟹ 𝑓𝑓(𝑖𝑖) =                𝑓𝑓(𝑖𝑖 − 1)                + 𝑖𝑖 
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⟹ 𝑓𝑓(𝑖𝑖) = (𝑛𝑛−1)𝑛𝑛
2

+ 𝑖𝑖   Using the Induction Hypothesis. 

⟹ 𝑓𝑓(𝑖𝑖) =
(𝑖𝑖 − 1)𝑖𝑖 + 2𝑖𝑖

2
=
𝑖𝑖2 − 𝑖𝑖 + 2𝑖𝑖

2
=
𝑖𝑖2 + 𝑖𝑖

2
=
𝑖𝑖(𝑖𝑖 + 1)

2
 

∴ 𝑓𝑓(𝑖𝑖) =
𝑖𝑖(𝑖𝑖 + 1)

2
 𝑓𝑓𝑜𝑜𝑟𝑟 𝑎𝑎𝑖𝑖𝑦𝑦 𝑖𝑖 ≥ 0. 

 

c) 

𝐵𝐵𝑎𝑎𝑚𝑚𝑖𝑖𝑚𝑚 𝑚𝑚𝐿𝐿𝐿𝐿𝑝𝑝: 𝑖𝑖 = 0,   

𝑓𝑓(0) = 0 by definition, and 0(0+1)(2∗0+1)
6

= 0
6

= 0. 

 Therefore, 𝑓𝑓(𝑖𝑖) = 𝑛𝑛 (𝑛𝑛+1)(2𝑛𝑛+1)
6

 for 𝑖𝑖 = 0. 

 

𝐼𝐼𝑖𝑖𝑎𝑎𝑚𝑚𝑠𝑠𝐿𝐿𝑖𝑖𝑜𝑜𝑖𝑖 𝑆𝑆𝐿𝐿𝐿𝐿𝑝𝑝: 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝐿𝐿𝑓𝑓(𝑖𝑖 − 1) = (𝑛𝑛−1)�(𝑛𝑛−1)+1�(2(𝑛𝑛−1)+1)
6

= (𝑛𝑛−1)𝑛𝑛(2𝑛𝑛−1)
6

 (Induction hypothesis). 

𝑃𝑃𝑟𝑟𝑜𝑜𝑎𝑎𝐿𝐿 𝐿𝐿ℎ𝑎𝑎𝐿𝐿 𝑓𝑓(𝑖𝑖) =
𝑖𝑖(𝑖𝑖 + 1)(2𝑖𝑖 + 1)

6
 .  

 

𝑓𝑓(𝑖𝑖) = 12 + 22 + 33 + ⋯+ 𝑖𝑖2   by definition of 𝑓𝑓 

⟹ 𝑓𝑓(𝑖𝑖) = 12 + 22 + 32 +⋯+ (𝑖𝑖 − 1)2 + 𝑖𝑖2 

 

⟹ 𝑓𝑓(𝑖𝑖) =                𝑓𝑓(𝑖𝑖 − 1)                        + 𝑖𝑖2 

⟹ 𝑓𝑓(𝑖𝑖) = (𝑛𝑛−1)𝑛𝑛(2𝑛𝑛−1)
6

+ 𝑖𝑖2   Using the Induction Hypothesis 

⟹ 𝑓𝑓(𝑖𝑖) =
�𝑖𝑖(2𝑖𝑖2 − 3𝑖𝑖 + 1)� + 6𝑖𝑖2

6
=

2𝑖𝑖3 − 3𝑖𝑖2 + 𝑖𝑖 + 6𝑖𝑖2

6
=

2𝑖𝑖3 + 3𝑖𝑖2 + 𝑖𝑖
6

=
𝑖𝑖(2𝑖𝑖2 + 3𝑖𝑖 + 1)

6

=
𝑖𝑖(2𝑖𝑖2 + 2𝑖𝑖 + 𝑖𝑖 + 1)

6
=
𝑖𝑖�2𝑖𝑖(𝑖𝑖 + 1) + 1(𝑖𝑖 + 1)�

6
=
𝑖𝑖(𝑖𝑖 + 1)(2𝑖𝑖 + 1)

6
 

 

∴ 𝑓𝑓(𝑖𝑖) =
𝑖𝑖(𝑖𝑖 + 1)(2𝑖𝑖 + 1)

6
 𝑓𝑓𝑜𝑜𝑟𝑟 𝑎𝑎𝑟𝑟𝑟𝑟 𝑖𝑖 ≥ 0. 

 

d) 

𝐵𝐵𝑎𝑎𝑚𝑚𝑖𝑖𝑚𝑚 𝑚𝑚𝐿𝐿𝐿𝐿𝑝𝑝: 𝑖𝑖 = 0,   
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𝑓𝑓(0) = 0 by definition, and �0(0+1)
2

�
2

= �0
2
�
2

= 0. Therefore, 𝑓𝑓(𝑖𝑖) = �𝑛𝑛 (𝑛𝑛+1)
2

�
2

 for 𝑖𝑖 = 0. 

 

𝐼𝐼𝑖𝑖𝑎𝑎𝑚𝑚𝑠𝑠𝐿𝐿𝑖𝑖𝑜𝑜𝑖𝑖 𝑆𝑆𝐿𝐿𝐿𝐿𝑝𝑝: 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝐿𝐿 𝑓𝑓(𝑖𝑖 − 1) = �
(𝑖𝑖 − 1)𝑖𝑖

2 �
2

, the Induction hypothesis.   

𝑃𝑃𝑟𝑟𝑜𝑜𝑎𝑎𝐿𝐿 𝐿𝐿ℎ𝑎𝑎𝐿𝐿 𝑓𝑓(𝑖𝑖) = �𝑛𝑛(𝑛𝑛+1)
2

�
2

.  

𝑓𝑓(𝑖𝑖) = 13 + 23 + 33 + ⋯+ 𝑖𝑖3   by definition of 𝑓𝑓 

⟹ 𝑓𝑓(𝑖𝑖) = 13 + 23 + 33 +⋯+ (𝑖𝑖 − 1)3 + 𝑖𝑖3 

 

⟹ 𝑓𝑓(𝑖𝑖) =                𝑓𝑓(𝑖𝑖 − 1)                        + 𝑖𝑖3 

⟹ 𝑓𝑓(𝑖𝑖) = 𝑛𝑛2(𝑛𝑛−1)2

4
+ 𝑖𝑖3   Using the Induction Hypothesis 

⟹ 𝑓𝑓(𝑖𝑖) =
((𝑖𝑖 − 1)2𝑖𝑖2) + 4𝑖𝑖3

4
=
𝑖𝑖2(𝑖𝑖2 − 2𝑖𝑖 + 1) + 4𝑖𝑖3

4
=
𝑖𝑖4 − 2𝑖𝑖3 + 𝑖𝑖2 + 4𝑖𝑖3

4
=
𝑖𝑖4 + 2𝑖𝑖3 + 𝑖𝑖2

4

=
𝑖𝑖2(𝑖𝑖2 + 2𝑖𝑖 + 1)

4
=
𝑖𝑖2(𝑖𝑖 + 1)2

4
= �

𝑖𝑖(𝑖𝑖 + 1)
2 �

2

 

∴ 𝑓𝑓(𝑖𝑖) = �
𝑖𝑖(𝑖𝑖 + 1)

2 �
2

 𝑓𝑓𝑜𝑜𝑟𝑟 𝑎𝑎𝑟𝑟𝑟𝑟 𝑖𝑖 ≥ 0. 

 

e) 

𝐵𝐵𝑎𝑎𝑚𝑚𝑖𝑖𝑚𝑚 𝑚𝑚𝐿𝐿𝐿𝐿𝑝𝑝: 𝑖𝑖 = 0,   

𝑓𝑓(0) = 1 by definition, and 𝑎𝑎
0+1−1 
𝑎𝑎−1

= 𝑎𝑎1−1 
𝑎𝑎−1

= 𝑎𝑎−1 
𝑎𝑎−1

= 1.  Therefore, 𝑓𝑓(𝑖𝑖) = 𝑎𝑎𝑛𝑛+1−1
𝑎𝑎−1

 𝑓𝑓𝑜𝑜𝑟𝑟 𝑖𝑖 = 0. 

 

𝐼𝐼𝑖𝑖𝑎𝑎𝑚𝑚𝑠𝑠𝐿𝐿𝑖𝑖𝑜𝑜𝑖𝑖 𝑆𝑆𝐿𝐿𝐿𝐿𝑝𝑝: 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝐿𝐿 𝑓𝑓(𝑖𝑖 − 1) = 𝑎𝑎𝑛𝑛−1
𝑎𝑎−1

, (𝐼𝐼𝑖𝑖𝑎𝑎𝑚𝑚𝑠𝑠𝐿𝐿𝑖𝑖𝑜𝑜𝑖𝑖 𝐻𝐻𝑦𝑦𝑝𝑝𝑜𝑜𝐿𝐿ℎ𝐿𝐿𝑚𝑚𝑖𝑖𝑚𝑚).  Prove 𝑓𝑓(𝑖𝑖) = 𝑎𝑎𝑛𝑛+1−1
𝑎𝑎−1

. 

𝑓𝑓(𝑖𝑖) = 1 + 𝑎𝑎 + 𝑎𝑎2 + ⋯+ 𝑎𝑎𝑛𝑛   by definition 

⟹ 𝑓𝑓(𝑖𝑖) = 1 + 𝑎𝑎 + 𝑎𝑎2 + ⋯+ 𝑎𝑎(𝑛𝑛−1) + 𝑎𝑎𝑛𝑛 

 

⟹ 𝑓𝑓(𝑖𝑖) =                𝑓𝑓(𝑖𝑖 − 1)                + 𝑎𝑎𝑛𝑛 

⟹ 𝑓𝑓(𝑖𝑖) = 𝑎𝑎𝑛𝑛−1
𝑎𝑎−1

+ 𝑎𝑎𝑛𝑛   Using Induction Hypothesis. 
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⟹ 𝑓𝑓(𝑖𝑖) =
(𝑎𝑎𝑛𝑛 − 1) + 𝑎𝑎𝑛𝑛(𝑎𝑎 − 1)

𝑎𝑎 − 1
=
𝑎𝑎𝑛𝑛 − 1 + 𝑎𝑎𝑛𝑛+1 − 𝑎𝑎𝑛𝑛

𝑎𝑎 − 1
=
𝑎𝑎𝑛𝑛+1 − 1
𝑎𝑎 − 1

 

∴ 𝑓𝑓(𝑖𝑖) =
𝑎𝑎𝑛𝑛+1 − 1
𝑎𝑎 − 1

 𝑓𝑓𝑜𝑜𝑟𝑟 𝑎𝑎𝑟𝑟𝑟𝑟 𝑖𝑖 ≥ 0. 

 

f) 

𝐵𝐵𝑎𝑎𝑚𝑚𝑖𝑖𝑚𝑚 𝑚𝑚𝐿𝐿𝐿𝐿𝑝𝑝: 𝑖𝑖 = 0,   

𝑓𝑓(0) = 0 by definition, and 0(0+1)(0+2)
3

= 0
3

= 0. Therefore, 𝑓𝑓(𝑖𝑖) = 𝑛𝑛 (𝑛𝑛+1)(𝑛𝑛+2)
3

 𝑓𝑓𝑜𝑜𝑟𝑟 𝑖𝑖 = 0. 

𝐼𝐼𝑖𝑖𝑎𝑎𝑚𝑚𝑠𝑠𝐿𝐿𝑖𝑖𝑜𝑜𝑖𝑖 𝑆𝑆𝐿𝐿𝐿𝐿𝑝𝑝: 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝐿𝐿 𝑓𝑓(𝑖𝑖 − 1) = (𝑛𝑛−1)�(𝑛𝑛−1)+1�((𝑛𝑛−1)+2)
3

= (𝑛𝑛−1)𝑛𝑛(𝑛𝑛+1)
3

, (the Induction Hypothesis). 

𝑃𝑃𝑟𝑟𝑜𝑜𝑎𝑎𝐿𝐿 𝐿𝐿ℎ𝑎𝑎𝐿𝐿 𝑓𝑓(𝑖𝑖) =
𝑖𝑖(𝑖𝑖 + 1)(𝑖𝑖 + 2)

3
 .  

 

𝑓𝑓(𝑖𝑖) = 1 ∗ 2 + 2 ∗ 3 + 3 ∗ 4 + ⋯+ 𝑖𝑖 ∗ (𝑖𝑖 + 1) by definition 

⟹ 𝑓𝑓(𝑖𝑖) = 1 ∗ 2 + 2 ∗ 3 + 3 ∗ 4 + ⋯+ (𝑖𝑖 − 1) ∗ 𝑖𝑖 + 𝑖𝑖 ∗ (𝑖𝑖 + 1) 

 

⟹ 𝑓𝑓(𝑖𝑖) =                               𝑓𝑓(𝑖𝑖 − 1)                             + 𝑖𝑖 ∗ (𝑖𝑖 + 1) 

⟹ 𝑓𝑓(𝑖𝑖) = (𝑛𝑛−1)𝑛𝑛(𝑛𝑛+1)
3

+ �𝑖𝑖(𝑖𝑖 + 1)�   Using the Induction Hypothesis. 

⟹ 𝑓𝑓(𝑖𝑖) =
�𝑖𝑖(𝑖𝑖2 − 1)� + 3(𝑖𝑖2 + 𝑖𝑖)

3
=
𝑖𝑖3 − 𝑖𝑖 + 3𝑖𝑖2 + 3𝑖𝑖

3
=
𝑖𝑖3 + 3𝑖𝑖2 + 2𝑖𝑖

3
=
𝑖𝑖(𝑖𝑖2 + 3𝑖𝑖 + 2)

3

=
�𝑖𝑖(𝑖𝑖2 + 1𝑖𝑖 + 2𝑖𝑖 + 2)�

3
=
𝑖𝑖�𝑖𝑖(𝑖𝑖 + 1) + 2(𝑖𝑖 + 1)�

3
=
𝑖𝑖(𝑖𝑖 + 1)(𝑖𝑖 + 2)

3
 

 

∴ 𝑓𝑓(𝑖𝑖) =
𝑖𝑖(𝑖𝑖 + 1)(𝑖𝑖 + 2)

3
 𝑓𝑓𝑜𝑜𝑟𝑟 𝑎𝑎𝑟𝑟𝑟𝑟 𝑖𝑖 ≥ 0. 

 

g) 

𝐵𝐵𝑎𝑎𝑚𝑚𝑖𝑖𝑚𝑚 𝑚𝑚𝐿𝐿𝐿𝐿𝑝𝑝: 𝑖𝑖 = 0, and 𝑖𝑖 = 1 

𝑓𝑓(0) = 0 by definition, and 0(0 + 1) = 0. Also,𝑓𝑓(1) = 2 by definition, and 1(1 + 1) = 1 ∗ 2 = 2.  
Therefore, 𝑓𝑓(𝑖𝑖) = 𝑖𝑖(𝑖𝑖 + 1)𝑓𝑓𝑜𝑜𝑟𝑟 𝑖𝑖 = 0 and 𝑖𝑖 = 1. 

 

𝐼𝐼𝑖𝑖𝑎𝑎𝑚𝑚𝑠𝑠𝐿𝐿𝑖𝑖𝑜𝑜𝑖𝑖 𝑆𝑆𝐿𝐿𝐿𝐿𝑝𝑝: 𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝐿𝐿 𝑓𝑓(𝑚𝑚) = 𝑚𝑚(𝑚𝑚 + 1)𝑓𝑓𝑜𝑜𝑟𝑟 𝑎𝑎𝑟𝑟𝑟𝑟 𝑚𝑚 ≤ 𝑖𝑖 − 1, (𝐿𝐿ℎ𝐿𝐿 𝑖𝑖𝑖𝑖𝑎𝑎𝑚𝑚𝑠𝑠𝐿𝐿𝑖𝑖𝑜𝑜𝑖𝑖 ℎ𝑦𝑦𝑝𝑝𝑜𝑜𝐿𝐿𝐿𝐿ℎ𝑚𝑚𝑖𝑖𝑚𝑚). Prove 
that 𝑓𝑓(𝑖𝑖) = 𝑖𝑖(𝑖𝑖 + 1). 
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𝑓𝑓(𝑖𝑖 − 1) = (𝑖𝑖 − 1)�(𝑖𝑖 − 1) + 1�, by applying the induction hypothesis at m=n-1.  Therefore, 
𝑓𝑓(𝑖𝑖 − 1) = (𝑖𝑖 − 1)𝑖𝑖 = 𝑖𝑖2 − 𝑖𝑖.  

Similarly, by applying the induction hypothesis at m=n-2, we get 

𝑓𝑓(𝑖𝑖 − 2) = (𝑖𝑖 − 2)�(𝑖𝑖 − 2) + 1� = (𝑖𝑖 − 2)(𝑖𝑖 − 1) = 𝑖𝑖2 − 3𝑖𝑖 + 2. 

 

𝑓𝑓(𝑖𝑖) = 𝑓𝑓(𝑛𝑛−1)+𝑓𝑓(𝑛𝑛−2)
2

+ (3𝑖𝑖 − 1)  by definition of f 

⟹ 𝑓𝑓(𝑖𝑖) =
(𝑖𝑖2 − 𝑖𝑖) + (𝑖𝑖2 − 3𝑖𝑖 + 2)

2
+ (3𝑖𝑖 − 1) =

2𝑖𝑖2 − 4𝑖𝑖 + 2
2

+ 3𝑖𝑖 − 1

= (𝑖𝑖2 − 2𝑖𝑖 + 1) + 3𝑖𝑖 − 1 = 𝑖𝑖2 + 𝑖𝑖 = 𝑖𝑖(𝑖𝑖 + 1) 

 

∴ 𝑓𝑓(𝑖𝑖) = 𝑖𝑖(𝑖𝑖 + 1) 𝑓𝑓𝑜𝑜𝑟𝑟 𝑎𝑎𝑟𝑟𝑟𝑟 𝑖𝑖 ≥ 0. 

 

Bonus Problem: 

𝐵𝐵𝑎𝑎𝑚𝑚𝑖𝑖𝑚𝑚 𝑚𝑚𝐿𝐿𝐿𝐿𝑝𝑝: 𝑓𝑓𝑜𝑜𝑟𝑟 𝑖𝑖 = 0,𝐴𝐴 =  ∅.  |𝐴𝐴| = 0 ⟹ 2|𝐴𝐴| = 20 = 1.  𝐴𝐴𝑖𝑖𝑎𝑎, 2𝐴𝐴 = { ∅ } ⟹ |2𝐴𝐴| = 1.  

∴  |2𝐴𝐴| = 2|𝐴𝐴| 𝑓𝑓𝑜𝑜𝑟𝑟 𝑖𝑖 = 0. 

 

𝐼𝐼𝑖𝑖𝑎𝑎𝑚𝑚𝑠𝑠𝐿𝐿𝑖𝑖𝑜𝑜𝑖𝑖 𝑆𝑆𝐿𝐿𝐿𝐿𝑝𝑝:𝐴𝐴𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝐿𝐿 |2𝐴𝐴| = 2|𝐴𝐴| = 2𝑛𝑛−1 𝑓𝑓𝑜𝑜𝑟𝑟 𝑎𝑎𝑟𝑟𝑟𝑟 𝑚𝑚𝐿𝐿𝐿𝐿𝑚𝑚 𝐴𝐴 𝑜𝑜𝑓𝑓 𝑠𝑠𝑎𝑎𝑟𝑟𝑎𝑎𝑖𝑖𝑖𝑖𝑎𝑎𝑟𝑟𝑖𝑖𝐿𝐿𝑦𝑦 |𝐴𝐴| = 𝑖𝑖 − 1.  

𝑃𝑃𝑟𝑟𝑜𝑜𝑎𝑎𝐿𝐿 𝐿𝐿ℎ𝑎𝑎𝐿𝐿, |2𝐴𝐴| = 2|𝐴𝐴|𝑓𝑓𝑜𝑜𝑟𝑟 𝑎𝑎 𝑚𝑚𝐿𝐿𝐿𝐿 𝐴𝐴 𝑜𝑜ℎ𝐿𝐿𝑟𝑟𝐿𝐿 |𝐴𝐴| = 𝑖𝑖. 

 

𝐿𝐿𝐿𝐿𝐿𝐿 𝐴𝐴 𝑏𝑏𝐿𝐿 𝑎𝑎𝑖𝑖 𝑎𝑎𝑟𝑟𝑏𝑏𝑖𝑖𝐿𝐿𝑟𝑟𝑎𝑎𝑟𝑟𝑦𝑦 𝑚𝑚𝐿𝐿𝐿𝐿 𝑜𝑜ℎ𝐿𝐿𝑟𝑟𝐿𝐿 |𝐴𝐴| = 𝑖𝑖.𝑊𝑊𝐿𝐿 𝑠𝑠𝑎𝑎𝑖𝑖 𝑎𝑎𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝐿𝐿,𝐴𝐴 = { 1, 2, 3, …𝑖𝑖 } ,  without loss of 
generality. 

2𝐴𝐴 = { 𝑋𝑋 |𝑋𝑋 ⊆ 𝐴𝐴} = { 𝑋𝑋 | 𝑋𝑋 ⊆ 𝐴𝐴 & 𝑖𝑖 ∉ 𝑋𝑋} ∪ { 𝑋𝑋 |𝑋𝑋 ⊆ 𝐴𝐴 & 𝑖𝑖 ∈ 𝑋𝑋} 

 

    B   C 

𝐿𝐿𝐿𝐿𝐿𝐿 𝐵𝐵 = { 𝑋𝑋 | 𝑋𝑋 ⊆ 𝐴𝐴 & 𝑖𝑖 ∉ 𝑋𝑋} 𝑎𝑎𝑖𝑖𝑎𝑎 𝐶𝐶 =  { 𝑋𝑋 | 𝑋𝑋 ⊆ 𝐴𝐴 & 𝑖𝑖 ∈ 𝑋𝑋}.  

𝑂𝑂𝑏𝑏𝑚𝑚𝐿𝐿𝑟𝑟𝑎𝑎𝐿𝐿 𝐿𝐿ℎ𝑎𝑎𝐿𝐿 𝐵𝐵 𝑎𝑎𝑖𝑖𝑎𝑎 𝐶𝐶 𝑎𝑎𝑟𝑟𝐿𝐿 𝑎𝑎𝑖𝑖𝑚𝑚𝑑𝑑𝑜𝑜𝑖𝑖𝑖𝑖𝐿𝐿(𝐵𝐵 ∩ 𝐶𝐶 = ∅). Therefore, |2𝐴𝐴| = |𝐵𝐵| + |𝐶𝐶|. 

𝐵𝐵 = { 𝑋𝑋 | 𝑋𝑋 ⊆ 𝐴𝐴 & 𝑖𝑖 ∉ 𝑋𝑋} = { 𝑋𝑋 | 𝑋𝑋 ⊆ { 1, 2, 3, … ,𝑖𝑖 − 1 } } = 2{1,2,3,…,𝑛𝑛−1} 

|𝐵𝐵| = � 2{1,2,3,…,𝑛𝑛−1}� = 2|{1,2,3,…,𝑛𝑛−1}| = 2𝑛𝑛−1,𝑏𝑏𝑦𝑦 𝐿𝐿ℎ𝐿𝐿 𝐼𝐼𝑖𝑖𝑎𝑎𝑚𝑚𝑠𝑠𝐿𝐿𝑖𝑖𝑜𝑜𝑖𝑖 𝐻𝐻𝑦𝑦𝑝𝑝𝑜𝑜𝐿𝐿ℎ𝐿𝐿𝑚𝑚𝑖𝑖𝑚𝑚. 

𝐶𝐶 = { 𝑋𝑋 |𝑋𝑋 ⊆ 𝐴𝐴 & 𝑖𝑖 ∈ 𝑋𝑋} 

𝐿𝐿𝐿𝐿𝐿𝐿,𝐶𝐶′ =  { 𝑋𝑋 − {𝑖𝑖}| 𝑋𝑋 ∈ 𝐶𝐶}.  
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The elements of 𝐶𝐶 are in one-to-one correspondence with the elements of 𝐶𝐶′.  

∴ |𝐶𝐶| = |𝐶𝐶′| 

𝐶𝐶′ =  { 𝑋𝑋 − {𝑖𝑖}| 𝑋𝑋 ∈ 𝐶𝐶} = { 𝑋𝑋 − {𝑖𝑖}| 𝑋𝑋 ⊆ 𝐴𝐴 & 𝑖𝑖 ∈ 𝑋𝑋} 

   = { 𝑋𝑋 − {𝑖𝑖}| 𝑋𝑋 − {𝑖𝑖}  ⊆ 𝐴𝐴} 

   = { 𝑋𝑋 − {𝑖𝑖}| 𝑋𝑋 − {𝑖𝑖} ⊆ {1, 2, 3, … ,𝑖𝑖 − 1}} 

   = 2{1,2,3,…,𝑛𝑛−1} = 𝐵𝐵 

⟹ |𝐶𝐶′| = 2𝑛𝑛−1  ⟹ |𝐶𝐶| = 2𝑛𝑛−1 

 

𝑆𝑆𝑖𝑖𝑖𝑖𝑠𝑠𝐿𝐿, |2𝐴𝐴| = |𝐵𝐵| + |𝐶𝐶| = 2𝑛𝑛−1 + 2𝑛𝑛−1 = 2 ∗ 2𝑛𝑛−1 = 2𝑛𝑛. 

∴ |2𝐴𝐴| = 2|𝐴𝐴| 𝑓𝑓𝑜𝑜𝑟𝑟 𝑎𝑎𝑖𝑖𝑦𝑦 𝑓𝑓𝑖𝑖𝑖𝑖𝑖𝑖𝐿𝐿𝐿𝐿 𝑚𝑚𝐿𝐿𝐿𝐿 𝐴𝐴. 
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